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PEEFAOE, 



The theory of latitudes and departures has been long in 
use in plane surveying, but the theory of deflections, although 
applied, to some extent, iii railway surveys, has never, to my 
knowledge, been reduced to a system, or even considered in 
any mathematical trieatise. 

The object of this work is the application of these theories 
to the solution of problems in curvilinear surveys for align- 
ments of railroad-tracks.' 

The greater portion of the problems were originated many 
years since, but were not published, because the demonstra- 
tion of the principles on which the solutions of the problems 
arc based is not possible under the ordinary definition of an 
angle, as a relation between two straight lines, in contradis- 
tinction to a deflection, considered as a relation between two 
directions. 

To present the subject in an intelligible light, it has there- 
fore been necessary to consider the theories of deflections, and 
of latitudes and departures, and this consideration has swelled 
the volume of the book much beyond my original intention. 

Aside from this, the problems occupy a comparatively small 
space, and, with a lew exceptions, are special applications of 
problems XVI. and XXVI., tables III. and XII., the one with 
relation to intersecting curves, and the other to curves con- 
nected by a common tangent of given length. 

The same symbols for quantities, points, lines, and directions 
are used throughout, and the only departure from ordinary 
custom is hi the symbols used to represent deflections. 

A deflection is between two directions, and a direction 
between two points, and, therefore, a deflection can be repre- 
sented only by means of four letters, while an angle is repre- 
sented by three. 

There are many who think that a book of mathematical 
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pi^jblenw lihfAild resemble a collection of recij^^r? for c^rvkinsr, 
in which the recipe for each diih stands oq iis o^m merits, 
aii'l iii independent of what mav |>rece<ie or cc»nie afi-^rr. 

To such it mar be stated that, as the preiimiL^irv step in 
the old recipe for cooking a hare is first to catch the hare, so 
the firjrt «tep in the c-ompntation of mathematical quantities is 
t/f gra."-p the quantities, after which the computation will be 
c^^mparatively easj. 

It iji to the explanation of the natures of the quantities com- 
put/^i that a large portion of this treatise is devoted, and to 
th^>«e who Jrtart in the middle of the book the formnlie and 
solutions will probably be unintelligible. 

If, howeTer, the natures of the quantities, and the symbols by 
which they are represented, are first studied and understood, 
no great difficulty will be found in the practical application of 
the greater portion of the fonnulae, and, although some of the 
results from general formulae may appear more curious than 
iLsciful, they serve, at least, to illustrate the general principles 
on which they are based. 

From lack of time and patience for their preparation the 
tables of sines, cosines, versed sines, radii, etc., usually ap- 
pended to works on railway surveying, have been omitted in 
ihiH treatise. They are, however, absolutely necessiiry in 
making the computations, and should include a table of 
natural and logarithmic versed sines. Those contained in 
S<uirh;s* treatisci on railway surveying will be found to be 
specially adapted for the purpose. 

ISAAC W. SMITH. 
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CHAPTER I. 



INTRODUCTION. 

1. Between the practical and theoretical engineer, so 
called, there is this distinction : the one can understand \h& 
natures of quantities which he cannot compute, and the oflier 
can compute quantities which he cannot understand. 

To these two classes add a thii'd and larger class who have 
neither practice nor theory, and there will be included a very 
considerable portion of those engaged in the practice of civil 
engineering, and especially in that branch, if it may be so 
called, engaged in the conduct of railway surveys. 
. In such surveys the practical man understands what is 
needed, and accomplishes it imperfectly by dint of Ihe pro- 
cess known as fudging, while the theorist makes exact measure- 
ments and calculations which have no connection whatever 
with the end in view. 

2. Mathematics. — The object of every mathematical compu- 
tation is to determine the ratio, or relative magnitude, of two 
quantities of the same kind. 

In pure mathematics, consisting of arithmetic and algebra, 
ratio, whether represented by numbers or letters, is the only 
quantity considered. In the application of mathematics to 
the measurement of^ quantities other than ratios, the ratio 
between two quantities of one kind is calculated generally 
as a part, or multiple, of the ratios between quantities of otlier 
kinds; but the additit)n, subtraction, multiplication, or divi- 
sion, is of the ratios, and not of the quantities themselves, 
and the mere manipuhition of the numbers is without reason 
or practical result, unless the nature and magnitude of the 
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14 INTRODUCTION. 

standard, or unit of measurement, to which each ratio or 
number refers, is understood and borne in mind. 

Of mathematics it has been said, that it is a mill from which 
nothing can be ground out whicli has not been put in, and to 
the misapprehension of the quantities to which, in numerical 
calculations, the ratios refer, is due what a railroad statistician 
has termed the immense latent power of lying inherent in 
figures. 

3. Definitions of Quantities, — It is claimed by authorities 
in geometric science that the conclusions are based upon 
definitions easily understood, and on self-evident axioms and 
postulates ; but, leaving out of question their unintelligible 
definitions of a point as that which has position •without mag- 
nitude, and of a line as that which has length without breadth, 
it will be found, not only that they differ materially in their 
definitions of quantities, but that their definitions are, in some 
points, in direct opposition to their conclusions. Euclid, 
as translated by Playfair, defines a plane rectilineal angle as 
** the inclination of two straight lines which meet and are not 
in the same straight line." 

According to Legendre, "when two straight lines meet, 
the quantity, whether greater or less, by which they depart 
from each other as to their positions, is called an angle.'* 

According to Davies, late professor of mathematics in the 
United States Military Academy, *'an angle is the space be- 
tween two straight lines produced to intersection." 

Legendre does not explicitly state that the sides of an angle 
cannot be parts of the same straight line, but, from liis defini- 
tion of a straight line, he deduces the proposition that ** two 
straight lines which have two i)oints common coincide 
throughout and form one and the same straight line " ; and, 
as two lines which are parts of the same straight line cannot 
depart from each other, they cannot contain any angle be- 
tween thorn. 

From these and other definitions wliich might be cited, it 
will be found that, Iiowever much geometers may differ 
amongst themselves as to the nature of an angle, they agree 
with Euclid in considering it as a relation between two straight 
lines which meet and are vot in the name iffraight line ; and, in 
fact, it is sufficiently evident that, under any possible meaning 
which can be attached to the terms, there can be no inclina- 
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tion, departure, or space between two straight lines which are 
parts of the same straight line. 

And yet by Euclid, and others who have written since his 
time, the conclusion based upon this definition is, that when 
the angle between two straight lines is equal to two right 
angles, the two sides are one and the same straight line. 

The chain of reasoning, so called, by which a conclusion so 
directly opposed to the premises is reached, will be seen by 
the following quotations from Legendre : 

Definition. — ** When two straight lines, BA, BC, (figure 1), 
meet, the quantity, whether greater or less, by which they 
depart from each other as to their position, is called an angle ; 
the point of meeting, or intei-section, B, is the vertex of the 
angle ; the lines BA, BC are its sides." 

** Angles, like other quantities, are susceptible of addition, 
subtraction, multiplication, and division ; thus, the angle 
CBD (figure 1) is the sum of the angles ABC and ABD, and 
the angle ABC is the difference between tlie angles CBD 
and ABD." 

Theorem, — ** Two straight lines which have two points 
common coincide throughout, and form one and the same 
straight line." 

Tlieorem, — ** If two adjacent angles, ABC, ABD, (figure 1), 
are together equal to two right angles, the two exterior sides, 
CB, BD, are in the same straight line." 

It therefore follows that the quantity, (two riglit angles), 
by winch the two straiglit lines, BC and BD, depart from 
each other, is twice as great when they are one and tlie same 
straight line as when they are perpendicular to each other. 

It is further to be observed that in no instance is an angle 
of 180 degrees represented as between two straight lines, im- 
less by the intervention of a third line ; and also that the 
definitions are indefinite, because there are four angles be- 
tween any two straight lines, and four different lines making 
tiie same angle witli any straight line AG, figure 4. 

If, however, an angle is considered as a deflection, or turn, 
from one direction to another, and the distinction made be- 
tween the direction BC and the opposite direction, CB, there 
will be no difficulty in the proposition that, when the deflec- 
tion from BC to BD is equal to 180 degrees, the points B, C, 
and D are on one and the same straight line. 
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4. Plane trigonometry, or at least the problem most fre- 
quently recurring in plane trigonometry, is the determination 
of the relative positions of points, and the position of a point 
can be determined only by means of its distance and direc- 
tion from some other point, or fi'om two straight lines or 
axes. 

As, therefore, the solution of almost every problem involyes. 
the determination of direction, it is singular that the subject 
of direction is seldom or never taken into consideration, or 
even alluded to, in trigonometric text-books. 

In the application of trigonometry to plane surveying and 
navigation the distinction between north and south is neces- 
sarily recognized, and angles are considered as deflections to 
right or left, or to east or west, from a north direction. 

In all works on plane surveying there is, however, the same 
discordance between premises and conclusions as in geometric 
text-books. In a work, for instance, on the elements of plane 
surveying and navigation, by the late Mr. Davies, professor- 
of mathematics at the United States Military Academy at 
West Point, an angle is defined as " the portion of a plane 
between two straight lines which meet at a common point"; 
a course, as ** a line traced or measured on the ground"; and 
the bearing of a course, as " the angle which it makes to east 
or west with a north direction or south direction." 

To determine the angle between any two courses from their 
bearings, four rules are given, occupying nearly a page in 
print, and difficult to remember or apply. In a remark 
appended to the rules it is then stated that "the above 
principles are determined under the supposition that the two 
courses are both run from the same angular point ; hence if 
it is required to apply them to two courses nin in the ordi- 
nary way, as we go around the field, the bearing of one of 
them must be reversed before the calculation for the angle is 
made.'* In illustration of these rules it is stated that, when 
the bearings of two courses are N. 89' W. an<l S. 48'' W., the 
angle between th(»m is 93" when measured from the same 
angular point, and 87' as ** we go around the field." 

The deflection from any one direction to another is, by 
proposition v., the algebraic dilfcrence of their bearings from 
any third direction, and, calling right dofloctions pf)sitivc, the 
(loflortion from a direction bearing N. 89^ W., or — 89*, to 



INTRODUCTION. 17 

a direction S. 48° "W., or— 132% is (— 132°) — (— 39°) = —93% 
and the deflection to a direction bearing N. 48° E. would be 
H- 87°. Now it is true that angles of 87° and 93° are supple- 
ments one of the other, and that the sines and departures for 
these angles may be the same, but the cosines and latitudes 
are different in sign. On the surveys of railroad alignments 
angles are seldom measured from the same angular point, but 
generally as toe go around the field; and as the deflection, or 
angle, from one tangential direction to another, is equal to the 
algebraic sum of the intermediate deflections, the substitution 
of the supplement for the angle would, in this case, result in 
an error of 6 degrees. 

It may be objected to these remarks that the surveys of 
curvilinear alignments of railroad-tracks are special applica- 
tions, requiring special rules ; but such is not the case. In 
applied mechanics, for instance, forces are represented, in 
magnitudes and directions, by the sides of polygons, open or 
closed, and the magnitude and direction of the resultant force 
are determined by precisely the same principles which are 
applied, in problem ]0. of this treatise, to the determination 
of the length and bearing of the closing line to a series of 
lines given in length and direction. 

In railroad surveys il is necessaiy always to determine the 
direction and magnitude of the deflection from one tangent- 
point to another, and this deflection has been unfortunately 
termed the angle of intersection, although it is seldom con- 
venient, and never necessary, to produce the tangents to 
intersection in order to measure the angle between them. 

5. Sines, cosines, etc. — With regard to other quantities 
til ere is not the same radical error of definition as in the case 
of angles, but there is a great lack of precision in the text- 
books in general use. 

A ship, for instance, sails N. 30° E. 100 miles ; the depar- 
ture is to the east, and 100 times the sine of 30°, or 50 miles ; 
the latitude is to the north, and 100 times the cosine of 30°, 
or 86. G miles ; the sine of 30° is therefore the rate of departure, 
or the departure in one mile, from a north line, and the signs 
of the sine, and of the bearing are the same ; that is to say, 
the departure and sine will be to the east when the bearing is 
to the cast. The cosine of 30° is the rate of deparlurc from 
a west line, or the latitude in a distance of one mile, and has 
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the same sign with the bearing from a west line, which, in 
this case, would be 120° to the right, or north. 

But, turning to Legendre, it will be found that " the sine of 
an arc is the perpendicular let fall from one extremity of the 
arc upon the radius which passes through the other extremity." 
** The cosine of an arc is the sine of the complement of the 
arc, and is equal to that part of the radius comprehended be- 
tween the centre and the foot of the sine." 

According to this definition, the sine or cosine of an angle 
varies with the length of the radius ; but as these quantities are 
constant for the same angle, the definition is not correct. 

If it was intended to convey the idea that the sine is the 
ratio between the radius and perpendicular, or between the 
hypothenuse and perpendicular of a right-angled triangle, the 
idea is certainly loosely expressed for a mathematical text- 
book. 

By means of circles the relative magnitudes of the sines of 
different angles may be graphically represented, but nothing 
can be deduced with regard to the signs of the quantities for 
angles of different magnitude. ^ 

In plane surveying and navigation, the problem most fre- 
quently recurring is to determine the relative positions of 
points, or the distance and direction from one point to an- 
other, and hence has arisen the plain and simple theor}' of 
latitudes and departures, in which the latitude and depar- 
ture of the closing line is calculated as the algebraic sum of 
the latitudes and departures of the several lines between its 
extremities. 

On this proposition, (XITl), and on proposition IV, that 
the total deflection is the algebraic sum of the partial deflec- 
tions, are based all of the problems in this book. 

The general problem presented is, to make a deflection, or 
turn, of given magnitude, over two circular curves connected 
by a common tangent, (which may be a jmint or line), or in- 
tersecting at a given angle. Tlie quantities which enter into 
the equations are: the total deflection, I; the deflections la 
and Jb over the circular curves ; the angles A' and B' which 
the line (AB), between the tangent-points, makes with the 
tangents ; the distance, ?*, from A to B ; tlie radii, a and b, of 
the two curves ; the length, /, of the common tangent, or the 
angle, F, at intersection, for intersect ing curves. 
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For the solution of the general problem, the line from the 
centre of one curve to the centre of the other is considered 
as the closing line to the radii, a and h and the distance, i, 
between the tangent-points, and the bearings of certain radial 
directions are calculated ; the required tangential deflections 
are then determined as the algebraic sums or differences of the 
given and calculated bearings. Problems XIX. to XXVII. are 
special cases of the same problem, and all are derived by the 
application of the same rules, which are invariable in their 
application, and give, not only the magnitudes, but the signs 
of the deflections for the different curves shown in figures 50 
to 119. 

When possible, the formulae for special cases have been 
embodied in tables, with reference to particular figures, in 
which the proper signs are given to the terms for the different 
forms of curves represented in the figures. 

In all of these formulae the same symbols are used, which 
represent the same quantities throughout the book; and un- 
less the reader will take the trouble to become familiar with 
the symbols and the quantities which they represent, the prob- 
lems, like the figures, will partake of the nature of a Chinese 
puzzle, requiring a special study for the understanding ot 
each one. 

G . Jleasurement of Deflections. — As deflections are measured 
by the rotation of a rigid body on its axis, it is necessary to a 
proper understanding of the principles of deflections to con- 
sider the subject of motion. 

3fofion of Points. — A point moves when it changes its 
position, either in distance or direction, in relation to some 
ot her point ; and, so long as the distance and direction from one 
I)oiiit to another remain unchanged, tfiey are at rest in rela- 
tion to each other, although Ihey may move relatively to other 
points. Motion, like magnitude, is therefore relative, and not 
absolute. 

Mot 1071 of Bigid Bodies. — A rigid body may be considered 
as composed of points which have no motion with relation to 
each other, or in which the relations of distance and inclina- 
tion between the points remain unchanged during any motion 
to which the body may be subjected. Such a body moves when 
any one of its points changes position, whether in direction or 
distance, in relat ion to any point not connected with the body ; 
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and there are two classes of motion, one of translation, and 
the other of rotation. 

Motion of Translation. — When all the points of the body 
move with equal velocity, and in the same direction, the 
directions between the several points of the body remain un- 
changed, and the motion is one of translation, the body being 
sinipJ y translated from one position to another. 

Motion of Rotation. — When any one point of a body moves 
in a direction, or with a velocity, different from that of any 
other point of the body, the direction between tlie points 
changes, and the body has a motion of rotation. The motion 
of rotation may be combined with a motion of translation, but 
the two are entirely ijidcpendent, and one may be changed or 
stopped without affecting tlie other. The patlis described by 
the points may be straight or curved, and the direction of the 
motion of translation may be changed or reversed ; but so long 
as the directions between the points do not change, the motion 
is one of translation only, like the motion of a ear, back and 
forth, on a straight railroad-track. The motion of the earth 
in its orbit is one of translation from east to west, and vari- 
able. The motion of rotation on its axis is one of rotation 
from west to east, and uniform. 

Axes and Planes of Rotation. — Although the unequal mo- 
tion of any two points in a body is an indication, of a mo- 
tion ot rotation, there will be, in every rotating body, certain 
points whicli move in like directions and with equal velocities, 
and the directions between such points remain unchanged. 
The lines tlirougli such points are called axes of rotation, as, 
for instance, tlie axis of the earth and all lines parallel to the 
axis. 

Should llie body turn, without motion of translation, the 
axes would move on tlie surfaces of cylinders; lines iuclini^ 
more or less than 90 degrees to the ax(;s, on the surfaces of 
cones, and lines at right angles to the axes in planes, called 
planes of rotation. 

All planes at right angles to the axes of rotation arc planes 
of rotation, as, for instance, the equatorial plane of the earth, 
and the horizontal plane of a theodolite when tlie axis is 
vertical. 

Complete Rotation of a Turning Body. — A iKnly makes a 
completu rotation when any line inclined to the axis, or aiiy 
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plane inclined to the plane of rotation, turns from any fixed 
direction back to the same direction again. A meridian plane, 
for instance, through the axis of the earth, and perpendicular 
to the equatorial plane, turns from the direction of a fixed star 
back to the same direction again once in twenty-four sidereal 
hours. 

The orbit of the earth and a fixed star are, in relation to 
each other, points ; and as the earth has, therefore, no motion of 
translation in relation to the star, the rotation of the meridian 
plane from a fixed star back to the same star again is always 
made in twenty-four sidereal hours. The earth has, however, 
a sensible motion of translation from east to west, in relation 
to the sun, and moves from under the sun while turning from 
west to east, so that it makes more than a complete rotation 
wliile the meridian turns from the sun back to the sun again, 
and the solar day is therefore longer than the sidereal day. 

A plane deflection is the change in the direction from one 
point to another in the plane of rotation of a turning body, 
and is at the rate of 360 degrees for each complete rotation of 
such body ; and the deflection from a fixed direction, AB, 
to another fixed direction, CD, is the change of direction of 
such points while turning from the direction AB to the direc- 
tion CD. The magnitude of this deflection is independent of 
any motion of translation to which the body may b^ subjected, 
and will be the same, whether the lines connecting the points 
arc produced to intersection or not, provided that they are in 
the plane of rotation of the body. Suppose, for instance, that 
AB and CD (figure 3) are directions between fixed points in the 
plane of the paper, which is also the plane of rotation of a 
turning body, and that the body, like the earth, makes a 
complete rotation in twenty-four hours, so that the direction 
from any one point to another in the plane of rotation changes 
at the rate of 15 degrees per hour. 

If, in one hour, a point, P, in the plane of rotation, should 
be translated over any path, straight or curved, and the di- 
rection, PR, from that point to another point, K, also in the 
plane of rotation, should change from the fixed direction AB 
to the fixed direction CD, the deflection AB.CD, from AB 
to CD, would be equal to 15 degi'oes. 

The general relation between the lines AB and CD, which 
may be called the inclination, exists without reference to 
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motion ; but the quantity measured is not the inclination, but 
the deflection, and this can bo measured only by means of a 
motion of rotation. 

Positive and Negative Deflections. — A direction may be 
defined as through two fixed points, as C and D ; it may also 
be defined by its deflection, or bearing, from some fixed direc- 
tion, as AB, but, in this case, both the magnitude and the 
direction, right or left, of the bearing must be given, because, 
for instance, a direction bearing 30 degrees to the right of 
north is different from a direction bearing 30 degrees to the left. 

Right and left deflections are, therefore, to be distinguislied 
as positive and negative quantities. The direction of rotation, 
right or left, should, however, be distinguished from the direc- 
tion of the motion of translation, as a body may bo translated 
right or left, or backer forth, without rotation. 

Although a direction may be thus defined by the magnitude 
and sign of its deflection, or bearing, from some other dii-ec- 
tion, the deflections measured from one direction to another 
will not be always the same, for the changing direction, by 
which the deflections are measured, returns always to the same 
direction again after each complete rotation, right or left, 
and hence the deflections measured between the same direc- 
tions may differ by any whole multiple of 3C0 degrees ; and, 
conversely, if the algebraic difference of the deflections to AB 
and CD, from any third deflection, SN, is equal to any whole 
multiple of 3G0 degrees, AB and CD are one and the same 
direction, as exemplified under the head of equivalent deflec- 
tions in propositions II. and VII., and problem II. 

From tliese ])ropositions, and from the proposition (TV,) 
that the deflection from one direction to another is equal to 
the algebraic sum of the partial deflections made in turning, 
whatever may be the positions of the deflection ix>ints, may 1)0 
derived every other proposition having reference to deflections 
only, and not to other quantities. 

Instrumental Measurement of Deflections. — It may nppoar 
unnecessary to complicate the definition of an angle by intro- 
ducing the idea of motion, but the nature of the quantity, 
the mode of measurement, and the adjustments of the instru- 
ments ])y which the measurements are made, cannot otherwise 
be properly imderstood. 

In phmc surveying it is assumed that vertical lines from 
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the centre of the earth are parallel, or that the surface is a 
plane — an assumption that will not lead to appreciable error in 
the class of sufveys under consideration. 

As the deflection points, and the lines connecting them, are 
usually not in the same plane of rotation, the deflections are 
measured between their vertical projections on a horizontal 
plane. 

The process of measurement may be illustrated by the mo- 
tion of the vertical side plane of a door turning on a vertical 
axis. 

All lines seen along that plane would be vertically projected 
on the horizontal line of the lower edge, and that line in turn- 
ing would measure the deflections between the vertical pro- 
jections of tlie inclined lines seen along the plane of the door, 
and not between the lines themselves. Tlie vertical rotating 
plane of a magnetic compass is the plane passing through the 
vertical line of the sights and rotating around the fixed line 
of the needle. The bearings of the vertical projections of the 
inclined lines seen through the sights are measured from the 
fixed direction of magnetic north by means of a graduated 
circular arc, which turns around the needle, and the deflec- 
tions from one direction to another may be calculated as the 
algebraic difference of their bearings taken at any points on 
the lines or at their intersections. The vertical plane of a 
transit or theodolite is the plane of the line of collimation, or 
of the line of sight of the telescope, which is supposed to turn 
on a horizontal axis. 

The deflections between the vertical projections of the lines 
seen through the telescope are measured by means of two 
horizontal graduated arcs, one of which is fixed, while the 
other turns with the vertical plane, 

Tlie angles measured on the horizontal plates, or planes of 
rotation, are really the rotations of the vertical plane in which 
the line of sight of the telescope revolves ; and this plane may 
be supposed to move, at the deflection points, by a motion 
of rotation from one direction to another, and by a motion 
of translation between the points, the deflection, from the 
initial to the terminal direction, being equal to the algebraic 
sum of the intermediate deflections, and independent of the 
relative positions of the deflection points. These deflections 
are measured by means of cii'cular arcs, but they are not arcs 
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more than they are sectors of circles. It is on the same prin- 
ciple, and by the rotation of meridian planes of the earth, that 
the deflections from the direction of one star to the direction 
of another are measured on the equatorial plane, as a plane 
of rotation ; but in this case the deflection is measured by 
means of the intervals of time elapsing between the meri- 
dian passages of the stars, the quantity measured being the 
same in each case, and neither area, length, or time. 
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PROBLEMS. 



DEFINITIONS OF SYMBOLS. 



Positive and Negative Signs. — Positive quantities are gene- 
rally defined as additive, and negative quantities as subtractive, 
and indicated by the signs of addition and subtraction ; but the 
definitions are erroneous, because a positive quantity may be 
subtracted, and a negative quantity added. 

To obviate the confusion arising from the use of the same 
sign with different significations, when a plus or minus sign is 
used to indicate whether a quantity is positive or negative, it 
will bo placed, either above the quantity, or prefixed (within 
brackets). Where, however, there is no liability of mistaking 
the signification, it will be prefixed in the usual manner. 

Thus, for instance, a = b — c indicates that a is equal to 
the algebraic difference between b and c, whether they are 
positive or negative, but a = {-\-b) — ( — c) is the value of a 
when b is positive and c negative. The first equation expresses 
a general relation for all values of b and c, and the second the 
arithmetic value (a = b-\- c), when c is negative. 

In all algebraic and trigonometric equations, the sums and 
differences are algebraic, and to obtain the arithmetic sum or 
difference, the sign prefixed to a negative quantity must be 
changed, from plus to minus, or from minus to plus. 

The required arithmetic sum or difference will then be the 
difference of the sums of the plus and minus quantities ; posi- 
tive when the sum of the plus quantities is the greatest, and 
negative when it is least. 

Points are represented by the letters A, B, C, etc., and the 
same symbols are used to represent the numerical values of 
angles or dellections. 

85 
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Directions. — AB is the direction from A to B, and BA the 
opposite direction, from B to A. 

Directions of Co-ordinate Axes, — SN" and EW are^the direc- 
tions of a pair of rectangular co-ordinate axes. If SN were 
north, EW would be west, and, in any case, it is to be under- 
stood that the deflection from EW to SN is 90 degrees to the 
right. 

Deflections, or Angles, are from one direction to another, 
and if deflections in one direction, as to the right, are assumed 
to be positive, deflections to the left will be negative. 

AB.CD is the deflection from AB to CD; CD.AB = 
(— AB.CD) is the deflection from CD to AB, and BA.CD = 
— (180° — AB.CD) is the deflection to CD from a direction 
BA, opposite to AB. 

Thus, for instance, if the deflection from AB to CD is 60° 
to the right, the deflection from CD to AB is 60"* to the left, 
and the deflection from BA to CD is (180°— CO" =120") to 
the left. 

Bearings. — When deflections to different directions are from 
the same axis, they are called bearings. 

Thus, for instance, SN.AB denotes the bearing from SN to 
AB, and (AB.CD = SN.CD— SN.AB) (see proposition V.) ex- 
presses the proposition that the deflection from one direction 
to another is equal to the algebraic diflerenco of their bearings 
from any third direction, SN. 

Numerical Values of Angles are expressed by the letters A, 
B, C, etc. The same sym])()ls are used for points, the con- 
text showing the sense in which the lettei's are to be under- 
stood. 

Symbols for Straight Lines. — AB represents a straight 
line extending indefinitely through A and B, in connection 
with Uie direction from A to B. SX is an axis, witli reference 
to the direction from S to N. Thus, for instance, if a point is 
said to be 50 feet to the right of SX, it is to be imderstood that 
it is to tlie right looking from S to N, whi(jh would be to the 
left l<M>king from N to S. 

In the same manner, if SN is nortli, east is to the light of 
SIV, and to the left of Mf«i, and the direction NS is south. 

Distances. — If A and B are points on a straight line, (AB) 
is the distance from A to B in the direction AB, and (BA) the 
distance in the opposite direction, BA. 
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If distances measured in the direction AB are considered 
positive, distances in the opposite direction, BA, will be nega- 
tive. 

Thus, for instance, the equation [(BC) = (AC) — (AB)] is 
the expression of the proposition [XI. (2)] that the distance 
from one point to another is the algebraic difference of their 
distances from any third point on the same straight line. 

The same relation may be expressed by the equation 
[(AB) + (BC) = (AC)], and if it be assumed that distances 
between parallel lines are equal when measured in the same 
direction, the whole of plane linear geometry may be based 
upon the propositions expressed by the equations : 

Prop. IV. (1). AB.CD = AB.BC + BC.CD. 
Prop. XI. (1). (AC) = (AB) + (BC). 

The Numerical Vahies of DistanceSy or their ratios to given 
units of distance, are expressed by the letters a, &, c, etc. 
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TO REDUCE MINUTES AND SECONDS TO DECIMALS OP A DEGREE, 
AND DECIMALS OP A DEGREE TO MINUTES AND SECONDS. 

To reduce to decimals of a degree, move t"^e decimal point of 
the seconds one space to the left, and divide by 6; the quotient 
will be decimals of a minute; affix these decimals to the min- 
utes ; move the decimal point one space to the lefty and divide 
by ; the quotient will be decimals of a degree. 

To reduce decimals of a degree to minutes and seconds, move 
the decimal point one space to the right, and multiply by 6; 
the product will be minutes and decimals ; move the decimal 
point of the decimals of a minute one space to the right, and 
multiply by 6; the product will be seconds and decimals. 

Example 1. Reduce 18° 1' 24" to degrees and decimals. 

24" = 2.4 -f- 6 = 0.4'. V 24" = 1.4' = .14 -^ 6 = .0233^ 
18^ 1' 24" = 18.0233^ 

Example 2. Reduce 18.0233** to degrees, minutes, and sec- 
onds. 

.0233" = .233 X 6 = 1.398'. 0.398' = 3.98 X 6 = 24". 
18.0233 degrees is therefore equal to 18" 1' 24". 
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In railroad surveys, where minutes and seconds are to be 
multiplied or divided, it will be found convenient to reduce 
them to decimals of a degree by the above method. The great- 
est liability to error is in the placing of the decimal point. 
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EQUIVALENT DEFLECTIONS — PROPOSITIONS H. AND THI. 

Given a deflection greater than 180 degrees; required the 
equivalent deflection leas than 180 degrees. 

Let L be the lesser, and M the greater deflection. 

Whe7i the greater deflection is less tha/n 360 degrees, L will 
be equal to (360" — M), with a sign different from that of M. 

Uxamples. — In these examples a plus sign wiU indicate a 
deflection to the right, and a minus sign a deflection to the 
left. 

If M is +200°, or 200 degrees to the right, L = —(360"— 
200°) = —160% or 160 degrees to the left. 

M=— 181°; L = + (360°— 181°) = + 179°. M = + 180"; 
L = — { 360°— 180°)= — 180°. 

When M is greater than 360 degrees, L is equal to the alge- 
braic sum of M and of the whole multiple of 360 degrees, near- 
est to M, and with a contrary sign. 

M=+1862°= (5X360°+ 62°). L = + 1862° -1800°= +62^ 
M = — 380°= -(360°+ 20°). L = - 380°+ 360° = - 20^ 
M = —560°= -(720°- 160°). L = - 560°+ 720° = + 160% 

Prom these rules, and from proposition VIII., it follows, if the 
algebraic difference of the deflections from any direction, SN, 
to two directions, AB and CD, is equal to any whole multiple 
of 360 degrees, that AB and CD are one and the same direc- 
tion; the deflections are equivalent, and one may be substi- 
tuted for the other in any trigonometric formula. It follows 
also that, in any such formula, tlie sign prefixed to 180° may 
be always changed froni plus to minus, or from minus to plus. 
Thus, for instance, —180°+ A = —(180°— A) may bo substi- 
tuted for +180°+ A, because — 180°+ A — (+180°— A) = 
—360°, but the supplement of an angle cannot be substituted 



PROBLEM m. 29 

for the angle, nor is it allowable to change the sign of A iii the 
above examples. 

Thus, for instance, (— 180'+20'') = -160° may be substi- 
tuted for (+180°+ 20'')= 4-200% but not for (+180°— 20°)= 
+ 100°, because, in the latter case, the algebraic difference, 
( — 160°) — (+160'') = —320°, is not a whole multiple of 300°. 
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PROPOSITIONS IV. AND V. 

Given the hearing from an axis SN to a direction AB, a/nd the 

deflections, AB.CD, CD.EF, EF.GII, ; , UV.WX, and 

WX . YZ, from AB, to and from each direction between AB 
and YZ ; required the bearirig, from SN, to each direc- 
tion, and the deflection from any one direction to another. 

The bearing, from SN to any direction YZ, is the algebraic 
sum of the deflections between SN and YZ. 

The deflection from any one direction to a second is the 
algebraic difference, the bearing of the second minus the bear- 
ing of the first. 

Formulce. 

SN.YZ = SN.AB + AB.CD + CD.EF, |-UV.WX + 

WX.YZ. (1) 
Gil. CD = SN.CD — SN.GH. CD.GH = SN.GH — 

SN.CD. (2) 

In (1), the deflections are to be measured, first to, and then 
//•owj, each direction between SN and YZ. 

In (2), if the deflection from Gil to CD is to be calculated, 
the bearing of the initial direction, GH, is to be the subtrac- 
tive term of the difference in the second member of ihe equa- 
tion. 

In (1) and (2), deflections in one direction, as to the right, are 
to be considered positive, and those in the opposite direction 
negative, and the sums and differences are to be understood in 
the algiibraic sense ; that is t6 say, the sjgn prefixed to a nega- 
tive term must be changed from plus to minus, or from minus 
to plus, and the bearing, or deflection, in the first member of 
the equation, will then bo the arithmetic difference of the 
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sums of tlie plus and minus terms in the second member, 
with the sign of the greater sum. If the calculated bearing, 
or deflection, is greater than 180 degrees, it should be reduced 
to an e(][uivalent deflection less than 180 degrees by the rules of 
problem II. 

It is to be noted, also, that the bearings are all to be esti- 
mated from one axis, and not, as in plane surveying, by quad- 
rants^ some from north and others from south, and if SN is 
assumed to be north, bearings from south are to be reduced to 
bearings from north by the following formula: . 

SN.AB = 180°— NS.AB. (3) 

Thus, for instance, calling the right positive, S. 15° E. is N. 
165^^ K, or +165% and S. 15° W. is N. 165° W., or — 165% 

In all of the following examples, the right is assumed to be 
positive, and the left negative, and, when reference is made to 
north, the cast will, therefore, be positive, and the west nega- 
tive. 

Example 1 (figure 5). AB.CD = + 50° ; CD.EF=r + 70" ; 
ICF.GIl = -|-60° ; required the bearing of each direction from 
AB. 

AB . CD is 50 degrees to tlie right, = + 50% 

AB.KF = AB.Cl) + CD.EF = + (+50^)+ (+ 70") = + 120% 
AB.GU = AB.EF + EF.an=r+(-|-120^) + (+GO')= + 180% 

In figure 5, the deflection points coincide at the point 0. 

In figure 5«, the figure is a three-sided o\w\\ j)()lygon. 

In figure 5i, the line A 15 coincides with the line Oil, and 
the figure is a triangle; but in the three figures the relations 
between the directions are the same, and the angle between 
Ali and (HI is e(jual to 180" whether the lines Ail and Gil 
coincide, or are parallel. 

In figure 5/>, the three angles, being each less than ISO" and 
in the same direction (to the right), are the interior angles of 
tlie triangle. These angles, measured to the left, would bo 
AB.CD = — 310^; CI).KF=— 290% and EF. 011=— 800% 
and the deflection from AB to Gil, equal to the sum of theso 
deflecti(ms, would be ?— 000". In this case the deflection ac- 
tually made in turning from AB to (HI would be 900 degrees, 
which, by problem II., is ocpiivalent to (— 900° + 720* = 
— 180^), or to (+1080— 000 =+180"). 
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In the same manner it may be shown, whatever may be the 
nimiber and magnitude of the deflections made in turning 
from a direction AB to a direction, BA, opposite to AB, that 
their algebraic sum will be equal to 180 degrees, or to 180 de- 
grees, plus or minus a whole multiple of 360 degrees. 

Example 2 (figure 6). In this figure the initial direction is 
from a point A, on the circumference of a circle; the deflec- 
tion points are the intersections of the sides of hexagons on 
the circumferences of two circles reversing at E, and the ter- 
minal direction, GT, is that of a tangent from the point Gr. 
The deflections, however, are independent of the positions of 
the deflection points, and the results would be the same should 
all coincide in one. The beanngs from SN, considered as 
north, to each direction, are calculated in the following table : 



Directions. 


• 

Deflections. 


Bearings, 










From AN. 


By Quadrant. 


AN 







North. 


AB 


AN.AB=4-3o*' 


4- 30° 


N. 30° E. 


TIC 


AB.BC =+6o« 


+ 90** 


East. 


CD 


BC.CD = + 60*' 


+ 150*' 


S. 30° E. 


DE 


CD.DE= + 6o*' 


4-210° 1 
- 150'' f 


S. 30° W. 


EF 


DE.EF = 


- 150'' 


S. 30° w. 


FG 


EF.FG =-60° 


- 210° 1 


S. 30- E. 


GT 


FG.GT =-3o*> 


+ I20*> 


S. 60° E. 




AN.GT = + i2o° 







In this example, the given bearing of AB is zero, and the 
bearing of any other direction is the algebraic sum of the 
bearing to that direction, in the second column, and of the 
preceding bearing. 

When the bearing, thus calculated, exceeds 180", substitute 
the equivalent bearing obtained by subtracting from 360° and 
changing the sign, as in the case of the bearings of DE and 

FCr. 

Tlie bearing, + 120", from the initial to the terminal direct 
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tion, is equal to the algebraic sum of the deflections in the 
second column — that is to say, to the arithmetic difference of 
the suras of the plus and minus terms, with the sign of the 
greater sum. 

The deflection from any one direction to another may be 
calculated by formula (2) iu the following manner: 

BC.EF= (^^'^^^o~(^^^^^^ = -240% equivalent to + 120% 

AB.EF= (^^^^^'L^g^ equivalent to + 180% 

As the deflection from AB to EF is equal to 180°, the lines 
AB and EF are tlierefore parallel. 

Example 3 (figure 7). AI and IS I are tangents — that is to 
say, they are tangent to circles through the tangent points A 
and B. 

The circles are not shown, but may be seen in any of the 
succeeding figures representing the connection of tangents by 
two curves with a common interuiediate tangent, or intersect- 
ing at an angle, F, called, in i-ailroad surveys, the frog angle. 

The deflection over one or more curves is called the angle of 
intersection, although it is seldom that the tangents are pro- 
duced to intersection, or that the angle can be measured at the 
interscciion point, I. 

Througliout this treatise this angle of intersection is repre- 
sented by tlic loiter I, and it is proposed to explain the manner 
in which it may be determined without producing the tangents 
to intersection. 

Take any two convenient points, A and B, on the tangents, 
and measure the acute angles. A' and B', between tlie line AB 
and the tangent lines AI and IB. It will not be necessary to 
note the signs of these angles, but they are always to be acute, 
or less than 90 degrees, and, as a rule, A' is to be the greater 
of the two. 

The two tangents, with the line AB, will form a triangle, 
which will be as represented in figure 7, or as in figure 7a. 

In figure 7, the acute angles are equal to the interior angles 
adjacent to the base AB. In figure 7a, the greater angle. A', 
is exterior to the triangle, and the adjacent interior angle is 
obi use. 
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In fi.:^ure 7, the angle of intersection, when not exceeding 180 
degrees, will be equal either to (A'n- B'), or to 180"— (A'+B'). 

1m figure 7a, it will be either (A'— B'), or 180°— (A'— B'), as 
shown by the following equations: 

/AB.TB — AB.ATX . ,^, . ^^ 
Fig. 7. AI.IB = ( (^B^)_(_A') ) = + (A'+B'). 

Fig. 7a. lA.IB=(^(^^^Z(iY)'^) = + (A'-B'). 

lA Bl=/ AB.BI-AB.IA \ . -^o . ,,, ^. 

— [180°— (A'— B')]. 

In figure 7, the deflections are made from AI, to IB in one 
case, and to the opposite direction, BI, in the other, and hence 
they are different in sign and magnitude. In figure 7a, the de- 
flections are to IB, in one case, and to the opposite direction, 
BI, in the other. 

It will not be necessary to take into consideration the sign of 
I, but the following rule should be thoroughly understood and 
recollected, as it is used in nearly every problem in the book : 

The two tangents intersecting at I, and the line AB, will 
form a triangle, which will be similar either to figure 7 or 
to 7a. 

I will be equal to (A'+B')o^ ^o 180°— (A'+B'), when the 
triangle is similar to figure 7, and to (A' — B') or to 180° — 
(A' — B), when it is similar to figure 7a. 

It is assumed that the deflection will be made so as not to 
exceed 180 degrees. For forms of curves for particular values 
of I, see problem V. 

Example 4. Let TN be the true, and MN' the magnetic, 
north; TN.MN'= V, the variation, or deflection from true to 
magnetic north, and MN'. AB = B a magnetic bearing, or de- 
flection from magnetic north to a direction AB. 

Given the vanation, and the magnetic hearing of AB ; re- 
quired the trtie bearing, TN.AB. 

As the variation, V, is the deflection from tnie to magnetic 
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north, and B is the deflection from magnetic north to AB, the 
bearing of AB from true north will be as follows: 

TN. AB = TN.MN'+ MN' . AB = algebraic sum, (V + B). 

In the following examples, east variations and bearings will 
be positive, and west negative : 

If V is 21" east, or +21°, and B, S. 10° W., or -170°. 
TN.AB = +21°+(-170'')= -149% or S. 31° W. 

If V is 16° west, or -16°, and B, S. 80° E., or + 100°. 
TN. AB = -16°+100°= +84°, or N. 84 E. 

If V is 21° east, or +21°, and B, N. 10° W., or -10". 
TN. AB = +21°+(-10°)= +11°, or N. 11° E. 

Example 5 (figure 8). Two lines, AI and IB, intersect at an 
inaccessible point, I, and in order to determine the deflection 
from tlje direction AI to the direction IB, their bearings from 
a third direction, AB, are taken as follows: 

AB.AI = — 20°; AB.IB = -f-10\ 

The deflection from one of these directions to the other is: 

AI.1B = [Bearing, (+10°), of IB] — [Bearing, (—20°), of AI] 

= + 30°. 
IB.AI = [Bearing, (—20°), of AI] — [Bearing, (+10°), of IB] 

= —30°. 

Care must be taken to measure bqjh bearings from the same 
direction AB, not one from AB and the other from BA, which 
would result in an error of 180 degrees, and for the same rea- 
son, if the deflection AI.IB is to be measured, the bearings 
must be taken to AI and IB, and not to their opposite direc- 
tions lA and BI. 

The deflection from AB to lA, for instance, is +160°, and 
the deflection from lA to IB is, therefore, (+10°— (+160")= 
— 150^, or ino degrees to the left, while the deflection from AI 
to IB is 30 degrees to the right. The bearings may, however, 
be taken from any one direction whatever, and to the right or 
left, and the calculated deflections will be the same or equiva- 
lent. 

Example 6. The bearings of two directions arc, (N. 89 W. =s 
—89"), and (S. 48" W.= — 132°), and the deflection from the 
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first to the second is, therefore, [—132°— (—39°)=— 93"]. 
This example is from a work on surveying and navigation, by 
Mr. Davies, late professor of mathematics at the United States 
Military Academy at West Point, in which it is stated that the 
deflection would be 93°, if the bearings were taken from the 
same point, and 87° if taken ''as you go around a piece of 
land,^'' 

A ship sailing N. 39° W. would never head S. 48° W. by 
changing its course 87 degrees, and the change made in the 
inclination of two courses by going around a piece of land is 
difficult to understand. 



PROBLEM IV. 

PROPOSITION VI. 

Given the hearings from two a^ceSy AN a/nd CN', to two dtrec^ 
tions, AB and CD, and the deflection from one axis to the 
other ; required the magnitude and sign of the deflection 
from AB to CD, and from CD to AB. 

AB.CD = CN'.CD-AN.AB + AN.CN'=(-CD.AB)\ 
CD.AB = AN.AB-CN'.CD + CN'.AN = (-AB.CD)/ ^^ 

In this formula the sum and difference is algebraic, and if 
either of the deflections is negative the sign prefixed must be 
changed from plus to minus, or from minus to plus. 

In calculating the deflection, AB.CD, the bearing, AN. AB, 
of the initial direction, AB, of the first member of the equa- 
tion, must be the subtractive term of the algebraic difi'erence of 
the bearings in the second, and the axis, AN, of AB, must be 
the initial direction of the deflection AN . CN', between the two 
axes. 

Example 1. TN and MN' are the directions of true and mag- 
netic north, and TN.MN' the variation, or deflection from 
TX to MN'. 

Given the variation, and true hearing of AB, and the magnetic 
bearing of CD ; required the sign and magnitude of the 
deflection from AB to CD. 

The true bearing, TN. AB, of AB, is N. 15° E., or +15°; 
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the magnetic bearing, MN'.CD, of CD, is S. 84'' W., or -96"; 
the variation, TN.MN', from true to magnetic north, is -j-21''. 

AB.CD = MN'.CD-TN. AB + TN.MN'= 

-96''-15°4-21''=-90". 
(_-96°) -(+15°)+ (+21°) 

With a variation of 21° west, or -21% AB.CD= -96*^-1 5"-+- 
(-21°)= -132°. 

The deflection from CD to AB is equal in magnitude to the 
deflection from AB to CD, but the signs are different, one 
being to the riglit and Ihe other to the left. 

Example 2 (figure 9). The intersection, T, of two lines, BI 
and IC, is inaccessible, and no convenient point can be found 
on one line which is visible from the other. 

To determine the angle, BI.IC, a point S, visible from B 
and C, is therefore taken, and the following angles measured: 

SB.BI = + 86°; SB.SC = -f 70°; SC.IC = -h79°. 

The required deflection will therefore be as determined in the 
following equation : 

BI.lC = SC.IC-SB.BI + SB.SC = +79°-(+86°) + (-h70°)= 
+ G3^ 

When tlic directions of the two axes are the same, the deflec- 
tion AN.CN' is equal to zero, and the equation reduces to the 
form AB.CD=CN.CD-CN.AB, which is the same with (2) 
problem III. 



PROBLEM V. 

TANGENTIAL DEFLECTIONS, OR DEFLECTIONS OVER CIRCULAR ARCS. 

{For demonstraiion see propositimi X.) 

A and B, figure 7, are points on tangent-lines intersecting at 
I; A' and B' are the greater and lesser acute angles between 
the tangent-lines and the line AB, 

In figure 7, A' and B' are the interior angles at the base of 
the triangle A IB. In figure 7flr, the greater angle A' is exte- 
rior to the triangle, and the adjacent interior angle is obtuse. 

In figure 7, AI.IB =(A'-f B'). AI.BI=180°-(A'-+-B'). 

In figure 7a, AI.IB = 180°-(A'-B'). AI.BI=(A -B'). 
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I, called the angle of intersection, is the deflection from one 
tangential direction to the other, and, provided that it is mea- 
sured so as not to exceed 180 degrees, it must always have one 
of the four values, (A'+BO, (A'-B'), 180°-(A'+BO, or 180° 
-(A'-B'). 

This turn, or deflection, is to be made over two circular arcs 
connected by a common tangent, TaT6 (see figures 80 to 
118), and la is the tangential deflection from the initial tan- 
gential direction at A to TaTft, and lb the deflection from 
TaTb to the terminal tangential direction at B. The curves 
are reversed when, as in figure 90, the centres are on different 
sides of TaTb, and compound when they are on the same 
side, as in figures 91 and 92. 

The centres are on the same side of AB in figure 93, and 
on different sides in figure 94. 

Given the angles A' a/nd B', and the following characteristics 
of the curves: (I.), whether the tHangle A IB is similar to 
figure 7 or to figure la; (II.), whether the curves are re- 
versed or compound ; (III.), whether the centres are on the 
same or different sides of AB ; required the value of I 
in terms of A' a/nd B'. 

The general arithmetic equation will be as follows : 

I=(A' ± B'), or 180''- (A' ± B')= ± la ± lb. (1) 

For tangents, as in figure 7, I=(A'-i- B'), or 180°-(A'+B'). 

For tangents, as. in figure 7a, I=(A'- B'), or 180°-(A'-B'). 

The form of the triangle AIB will, therefore, determine 
whether I is expressed in terms of (A'-hB') or (A'— B'). 

Whether I is equal to (A'±B'), or 180°--(A'± BO, is deter- 
mined by the following rules : 



I is equal either to (A'-|- B') or to (A'— B'); 

p, /reversed curves with centres on different sides\ 
\compound curves with centres on the same side/ 



AB. 



I is equal either to 180'- (A'+B') or to 180°- (A'— B'), 

„ /reversed curves with centres on the same side\ - .^m 
\compouud curves with centres on different sides/ * 

The signs of the deflections, whether positive or negative. 
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are to be determined in the manner explained in the succeed- 
ing article. 

It will be seen, by reference to the figures, that any required 
deflection, I=Ia-|-I&, may be made over several different forms 
of curves, subject to the limitations expressed in the rules 
above ; but the value of I, and the signs of la and 16, in tlie 
case of the curves in any particular figure, may be determined 
by inspection, in accordance with the rules of this problem. 

In figure 114, for example, there are two pairs of connecting 
tangents to the same circles, and the curves are reversed with 
reference to one pair, and compound with reference to the 
other ; the triangle AIB is similar to figure 7, and therefore I 
is equal either to (A'+B') or to 180''-(A'+B'); the centres 
are on the same side of AB, and therefore the algebraic sum, 
la-\-lb, of the tangential deflections, between A and B and the 
extremities of common tangents, is equal to (A'+B') when the 
curves are compound, and to 180°— (A'+B') when they are re- 
versed, as calculated in example 1, problem XXV. In the 
greater portion of the problems of this book, the first step in 
tlio solutions is the determination of the values of I in terms 
of A' and B', and the examples in the succeeding article should, 
therefore, be carefully read and thoroughly understood. 

Examples. — The deflection, AB.YZ, from the initial to the 
terminal direction of a series of directions, as explained in 
proposition IV. and problem III., is the algebraic sum of 
the deflections to and from each direction between AB and 
YZ, and the initial direction, and the direction, right or left, 
of the several deflections, may be represented graphically, so 
that there will be no difficulty in perceiving at a glance what 
must be the terminal direction, YZ, in order that the deflec- 
tion, AB.YZ, may be equal to the algebraic sum of the deflec- 
tions between AB and YZ. The lines AZ and YZ might bo 
produced to intersection, and the angle between them mea- 
sured, but there are four angles between each pair of intersect- 
ing lines, differing in sign or magnitude, and the deflection, in 
any particular case, can be determined only by the considera- 
tion of the partial deflections of which the total deflection is 
composed. 

If the deflection is made over a series of circular arcs, touch- 
ing at points, or lines, of compound or rcvcrsfcd curvature, tlio 
3ction, from the initial to the terminal tangential direction 
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of the series, will be equal to the algebraic sum of the deflec- 
tions over the several arcs composing the series ; and converse- 
ly, if A and Z are the extreme tangent-points, and the tangent- 
lines through those points intersect at I, it may be determined 
by inspection of the figure, in any particular case, what are the 
signs of the partial deflections, and whether the total deflection 
over the series of arcs will be to the terminal direction IZ or ZI. 

As preliminary to the consideration of the principles in- 
volved in the consideration of this problem, it is proposed to 
explain a method by which the direction (right or left) of the 
tangentiaKdeflections over each arc, the terminal tangential 
direction of the series, and the value of I in terms of A' and 
B', may be determined by inspection of the figure representing 
the curves. If the method is analogous to what is called the 
rule of thumb, it has, at least, the merit of clearness and sim- 
plicity, and, as it will be used in many of the succeeding prob- 
lems, a greater space will be devoted to it than would other- 
wise be necessary. 

Suppose the curves to be on the centre line of a railroad- 
track, and that a car moves over the track by a combined 
motion of rotation and translation. On the floor of the car, 
as a plane of rotation, let two points, P and R, be marked, 
one vertically over a point on the curve, and the other in such 
position that the direction PR may coincide with the tangential 
direction of the curve. 

As the car moves over the track from A to B, PR will con- 
tinue on the tangential direction at the point of curve verti- 
cally under P, and on arrival at B will take the direction of 
the terminal tangent of the arc AB. 

The tangential deflection might be roughly measured by 
means of a compass at P, and the direction of the deflection 
would be right or left as the point R should appear to an 
observer at P to move to his right or left. The change of 
direction between every pair of points on the floor would be 
the same in sign and magnitude, and the sign of the deflection 
would therefore be the same, whether estimated looking from 
P to R, or from R to P, or from any one point in the plane 
of rotation to another; but, for convenience of illustration, PR 
Will be supposed to be the tangential direction of the curve, 
and the signs of the deflections to be as they would appear 
looking from P towards R. 
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The car will move both by motion of rotation and transla- 
non, but the deflection is dependent only on the motion of 
rotation, and is not affected by the direction of the motion of 
translation, whether back or forth to the observer at P. 

Should the car, for instance, move back and forth on a 
tangent, the direction PR would remain unchanged, and the 
deflection over any curve would bo the same as though the car 
should turn on a turn-table at the intersection, I, of the initial 
and terminal tangents, from one tangential direction to an- 
other. 

' In the same manner, should a second car be placed at the 
centre of the curve, on a turn-table, and kept heading in the 
direction of the first car while moving over the track, the radial 
deflection would be the same in sign and magnitude with the 
tangential deflection. The tangential deflection, although 
equal to the radial deflection, may be best calculated as & 
property of the circle, of which neither the centre nor radius is 
a part, and, by the railroad surveyor at least, the circle sliould 
be considered' as a curve of equal curvature — ^that is to say, as 
a curve on which the tangential deflections are directly pro- 
portional to the lengths of the arcs. 

Prom this definition all the properties of the circle may be 
derived. 

In the following examples the right will be considered posi- 
tive, and the signs of the tangential deflections may bo readily 
determined by the method explained above. 

The deflection from the initial to the terminal direction of a 
series of arcs will be represented by the letter I ; the partial 
deflections over the several arcs commencing at A, B, 0, etc., 
by Irt, lb, Ic, etc., and the values of I, determined by the rule^j 
of problem V., will be given in terms of A' and B', as further 
exemplified in table III., problem XVI., and table XII., prob- 
lem XXVI. 

In figure 10, A, B, C, etc., are the initial, and A', B', C, 
etc., the terminal, points of the arcs, AA', BB', CC, etc. 

If the car should move over this series of curves, PR would 
change direction, successively, to the tangential directions of 
the different arcs, and the deflections would be as follows : 

l=AI.A'n + A'B.B'C+B'C.DC' + DC'.D'E+D'E.B'L 
(+Io) (-») (-le) (-1(1) (+I«) 
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On arrival at C, the direction of the motion of translation 
would be revei-sed, and the car would move backwards, turning 
to the left from the direction B'C to the direction DC ; thence 
forward, and left, to the direction D'E, thence backwards, and 
right, to the direction of the terminal tangent E'l. 

PR has therefore changed from the direction AI to the 
direction E'l, and the algebraic sum of the changes made in 
turning from the initial to the terminal tangential direction of 
each arc must, therefore, be equal either to AI.E'I = I, or to I 
plus or minus a whole multiple of 360 degrees, the arithmetic 
sum being as follows: 

+ la-lb-lc-ld + le = Al.'E'l. 

It would not be possible to deflect from AI to IE' over the 
curves shown in the figure; but if lA be assumed as the initial 
tangential direction, IE' would be the terminal direction, and 
the total deflection would be lA.IE', equal, by proposition IX., 
to I A. E'l in sign and magnitude. 

If, then, a line AE' be drawn from A to E', and the angles 
A' and B' measured between AE' and the tangent-lines inter- 
secting at I, the triangle AE'I would be similar to figure 7, 
problem V., and the deflection, AI.E'I = lA. IE', would be 
equal to (180°— (A -h B') degrees to the left, or to that deflec- 
tion, plus or minus a whole multiple of 3G0°. 

The principle on which the method here explained is based 
is the same as that by which the notes of an alignment of 
curves (see problem IX.) are kept on railroad surveys. 

The calculated change of direction or bearing, in passing 
from one tangential direction to another, is the algebraic sum 
of the deflections over the intervening arcs, and should always 
be cheeked by the observed change of bearing, taken with a 
magnetic needle. 

When, as at the point C in the figure, the direction of the 
motion of translation is reversed, without turning, the cars on 
a railroad-track would move backwards, and the alignment 
would be that of a switch-back, sometimes used for tempo- 
rary purposes, as, for instance, for a temporary track during 
the construction of a tunnel. When, as at D, there is a sec- 
ond switch-back, the two together form a " Y," and the cars 
would be turned forward again. 

There ai'e cases in mountainous countries where, by means 
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of two or three switch-backs, a great saving might be made in 
length of tunnels, grade, curvature, and bridging and trestling; 
and where auxiliary engines are necessary, switch-backs might 
be used to advantage. In keeping the field notes of such 
an alignment, it would be necessary, in order that the cal- 
culated and observed bearings should agree, either that the 
survey should be made backwards, or that the surveyor should 
allow for 180 degrees of curvature more than actually made on 
the track. 

If the earth's surface were a plane, the deflection from the 
direction of an initial tangent to the direction of a terminal 
tangent, 100 or 1,000 miles distant, would be equal to the al- 
gebraic sum of all the deflections made between the tangents. 

In the following examples not more than two curves will be 
considered, and it will be seen, unless the common tangent is 
a point, that there will always be a pair of common tangents 
and two pairs of curves, over which the required deflection 
may be made. The sum of the deflections will, however, be 
the same in all cases. 

Article 2. For application of the values of I, in the following 
examples, to equations for compound and reversed curves, see 
tables of problems XXII. and XXVI. 

Simple Curves, 

Fig. 73, 1= -f (A'-f B'). Fig. 74. 1= -f- (A'-B'). 

75, I=-[180°-(A'+B')]. ** 76. I=-[l80*'-(A'~B')]. 



(< 



Reversed Curves, Centres on Different Sides of AB, I; 

(A'±B'). 

Fig. 102, I=:AI.IB=-t la-IJ= + (A'-f B'). 
** 103, I=AI.IB=-Ia-B=-(A'+B'). 
'' 104, I=IA.IB= + Ia-IJ= + (A'-B'). 
" 105, I=AI.BI= + Ia-fI6= + (A'-B'). 

Reversed Curves, Centres on the Same Side of AB, I 

180° ± (A' ± B'). 

Fig. lOG, I=AI.BI= +la+lh= +[180"+ (A' +B')]. 
" 107, I=AI.BI= +Ia+I6= +[180''-(A'+B0]. 

108, I=AI.IB= -la-lh= -[180''-(A'-B')]. 

109, I=AI.IB= +Ia + Ii= +[180*'-h(A'~B )]. 
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In figures 106 and 109, the deflection is to the right, and 
greater than 180 degrees; in figures 107 and 108, the defiec- 
tions are between the same directions as in 106 and 109, but 
to the left, and less than 180 degrees, the deflections in one 
case being equivalent to those in the other, because theii* alge- 
braic differences are equal to 360 degrees. 

Compound Curves, Centres 07i the Same Side of AB, 1 = 

(A' ± B'). 

Fig. 83, I=AI.IB=4-Ia4-I6=+(A'4-B')/ 

114, I=AI.IB=-Ia-I6=-(A'4-B'). 

112, 1=AI.IB=4-Ia+I6=H-(A'+B'). 

86, I=AI.IB=H-Ia-I6=4-(A'+B'). 

80, I=IA.IB=-Ia+I&=4-(A'-B'). 

81, I=IA.IB=+Ia-I6=:+(A'-B'). 



n 
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Compound Curves, Centres on Different Sides of AB, I = 

180° -(A' ±B'). 

Fig. 88}^, I=IA.IB=-hIa-Ift=4-[180°-(A'H-B')]. 
88, I=IA.IB= -IaH-IJ= 4-[180°-(A'h-B')]. 
117, I=AI.IB= 4-Ia+I6= 4.[180°-(A'-B')]. 
" 118, I=IA .BI= 4-Ia-I&= -[180°-(A'-B')]. 

In all of the above examples, a plus sign prefixed to a de- 
flection indicates that it is to the right, and a minus sign that 
it is to the left. 






PROBLEM VI. 

DEFLECTIONS OVER CROSSING CURVES. 

In problem V., the connection between two tangents was 
supposed to be made over two arcs with a common interme- 
diate tangent, and the deflection, from the initial to the ter- 
minal tangent, was shown to be equal to the algebraic sum, 
Ia+I&, of the tangential deflections of the arcs. 

In this problem, the deflection, from the initial to the terminal 
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tangential direction, is supposed to be made over two arcs in- 
tersecting at a point F ; from the initial to the terminal tangent 
of the arc AF, thence to the initial tangential direction of tlie 
arc FB, and thence to the terminal tangential direction at the 
extremity of that arc. 

The deflections over the crossing arcs AF and FB are re- 
presented here, and elsewhere throughout the book, by the 
symbols Xa and X6, and the deflection at F, between the cross- 
ing tangents, by the letter F ; I, as heretofore, being the angle 
of intersection between the tangents intersecting at I. 

In tlie case of turn-outs from railroad-tracks for sidings, 
crossings, and switclies, the acute value of F is called the 
frog-angle, because the crossing of the intersecting rails is 
made by means of a frog, and I is equal to the switch-angle, 
S, for single switches, and to twice S for double switches. 

If, therefore, I is the deflection, from the initial tangent at 
A to the terminal tangent at B, over the arcs produced to con- 
tact with their common tangent, and (Xcn-F-hXJ) the same 
deflection over the crossing arcs, and between the tangents at 
their intersection, F, 

(Xa-hF-f-Xft)=I. (1) (Xa+Xft)=(I-F). (2) 

It is required^ in any particular figure or form of curves, to de- 
tennine, by inspection, the value of 1 t>i tertns of A' and W 
and the signs of Xa, X6, a7id F, so that their algebraic sum 
may be equal to I. 

A being the initial, and B the terminal, point of the ares, the 
acute angles A' and B' are to be measured between AB and the 
tangent lines intersecting at I, and the angle I will be equal to 
(A'± B'), or to 180°-(A'± B'), as explained in problem V. 

It is shown in proposition XVII., article 5, that when, as in 
the case under consideration, the curves intersect, they will 
always be compound with reference to tlieir common tangent, 
and therefore, by the rules of problem V., 

( (A'±B') when the centres are on the same side of AB, 
1=\ 180°— (A' ±B') when the centres are on different sides 
( of AB. 

The curves will always intersect in two points, and the 
ingles, F, at the two crossings will l)e equal iu value, but 
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contrary in sign. The values of Xa and X6 will be also dif- 
ferent for the two crossings, but the algebraic sums of the 
tliree angles Xa, F, and Xb will, in either case, be equal, or 
efjiUivalent, to I. - 

Representing the acute value of F by F', and the obtuse 
value by 180°— F', F must have the value which will make the 
algebraic sum, Xa-|-X&-f F, equal to I. 

To determine the equation for any particular figure, sup- 
pose, as in the last problem, the curves to be the centre lines 
of raili-oad-tracks, and the angles Xa, F, and Xb to be mea- 
sured by the rotation of a car from A to B, the deflection, F, 
being made by means of a turn-table. 

In figure 55}^, for instance, I = AI.IB=(A'+ B'). 

If a car headed in the direction AI should turn, over the 
tracks and turn-table, to the terminal direction IB, the deflec- 
tions would be, i+Xa right), -(180°-F') left, and {+Xb right), 
and the equation would be as follows: 

I = AI . IB = + Xa - (180°- F')+X6 = (A'+ B'). (a) 

By turning F' degrees to the nght at F, the car would move 
backwards from F to B, and on arrival at B would head in the 
direction Bl opposite to IB, and the equation would therefore 
be: 



I = AI.BI = + Xa -f F'+ Xb = +180°+ (A'+ B'). 



(b) 



To turn from AI to IB by the second crossing, the deflec- 
tions would be, Xa right, 180°— F' right, and Xb right, and 
therefore, 

I = AI.IB = +Xa + 180°- F'+ Xb= +360°+ (A'+ B'). (c) 

The deflection in this, as in (a), is to the right from AI to 
IB, and the two deflections, differing by SOO degrees, are 
ecjiiivalent. These examples sufiice to explain the method by 
which the equation may be determined by inspection. 

For application of tlie equations to formulao for intersecting 
curves, sidings, crossings, turn-outs from double and single 
switclies, and compound and reversed curves, see problems 
XVI. to XVUl., table III. 
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In the following examples, the right is positive, and the left 
negative: 

Examples. 

Fig. 51, I=AI.IB= -Xa-f Fh-X6= +(A'-B'). 
51)^, I=AI.IB= +Xa+F-X6= +(A'-BO. 
511^; I.=AI.IB= +Xa-F+X6= 4-(A'-B0. 
5% I=AI.IB=+Xa-FH-X6=+(A'-B0. 

53, I=AI.IB= -Xa-¥-Xb= _[180°-(A'-B0]. 

54, I=IA.BI= +Xa-F-X6= _[180°~(A'-B')]. 

55, 1=AI.IB= +Xa-F+X6= +(A'+BO. 
551^, I=AI.1B= +Xa-F4-XJ= -f-(A'4-B0. 
551^, I=AI.IB= -Xa+F-XJ= +(A'-BO. 

56, I=AI.IB= +Xa+F4-X6= +(A' +B'). 
571^, 1=AI.BI= 4-Xa-F-X6= -[180°-(A'-hB')]. 
571^, I=AI.BI= -Xa+F+X6= -[180° -(A' +B')]. 

58, I=AI.BI= -Xa+F+X6= +[180°-(A'+B')]. 

59, I=Switch-angle=S. F= Frog-angle. 
591^, S= +Xa-f-F-X6. XJ-Xa=(F-S). 
59, S=-Xa+F-X6. XJH-Xa=(F-S). 
50, Siding, 1=0, F=Frog-angle. 
50, 1=:0=4-Xa + F-X&. X6-Xa= -f F. 
501^, 1=0= -Xa+F-Xft. Xa+X6= +F. 
70, Crossing, Fa Ihe greater frog-angle, F6 the lesser. 

A'=90°. B'=90°-F6. I = AI.IB=-[180°- 
(A'+B')]=-F6.-.I=-F*=-Xa-Fa-hX6.-. 
X6-Xa = Fa~Fft. 
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PROBLEM VII. 

DEFLECTIONS BETWEEN CHORDS OF ARCS WITH CONNECTINO 

TANGENTS. 

(Figures 39 to 46.) AA' and BB' are arcs connected by a 
coninion tangent A'B ; la and 16 are the tangential deflec- 
tions over the arcs ; J = la + lb is the tangential deflection 
from the initial tangent, through A, to the terminal tangent 
•ihrough B, and K is the deflection from the chord of the aro 
VA' to the chord of the arc BB'. 
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Given two of the three deflections, la, I&, and K ; required 

the third deflection, 

K = ^£+i*. (1) | = K-^. (3) 



In these equations, the signs of la and \b are to be deter- 
mined by the rules of problem V. ; the sign of K is positive or 
negative, as the deflection is right or left, and the sum and 
diHerence is algebraic. 



Examylea, 

For application of (2) to fitting an alignment of curves to 
the deflection points of a straight line survey, see problem IX., 
article 4. 

In the following examples, the right is positive, and it will 
be observed that the formuhe apply whether the common tan- 
gent is a line or point: 

Fig. 39, K=AB.BB'=3^ AI.IB'=+3^Ia+ J^I&=+^(A'4-B'). 
40,K=AB.B'B=i^AI.IB'=~3^Ia+3^I6=-i^(A'H-B'). 
41,K=AA'.BB'=i^AI.IB' =+3^Ia+3^I6=4-K(A'+B'). 

42, K=AB.BB'=3^IA.IB'=+KI«-KI*=+K(^'-B'). 
43,K=AA'.BB'=3^IA.IB'=+KI«-KI*=+K(A'-B'). 

44, K=AB.BB'= ~3^Ia+3^I6=0. 

45, K=AB.BB'= +i^Ia-i^I6=0. 

46, K=AA'.B'B=3^AI.B'I= +J^la + J^lft= +90''+ 
^(A'+B'). 






When the chords are on the same line, as in figures 44 and 
45, or on parallel lines, when t is not a point, K is equal to 
zero, and the tangential defiections, la and Ift, must be equal, 
and with contrary signs, in order that the algebraic sum, 
la+I^, may be equal to 0, and therefore the tangents through 
A and B must be parallel. It is to be observed, when I is 
equal to 180° ± (A' ± B'), that K is equal to 90° ± J^ (A' ± B'). 

Demonstration, — It is assumed, in the case of a single arc, 
that the deflection from the tangent to the chord is lialf the 
tangential angle of the arc. 
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Prop. IV. (1). Fig. 41, AI.AA'+AA'.BB'4-BB'.IB'=AI.IB'. 

{+}4la)+ (+K) +(+KI6)= L 
Prob. V. (1). Ia4-I6 = I. 

Therefore, K= -}4la-^lb-{l = }4L 



PROBLEM VIII, 

DEFLECTIONS BETWEEN CHORDS OF INTERSECTING AB€?S. 

Two curves from tangent-points, A and B, intersect at F; I 
is the deflection over the curves produced to contact with their 
common tangent; (Xa + F+ Xb) = I, the same deflection over 
the crossing arcs, and between the crossing tangents, and K/ 
the deflection between the chords (AF) and (FB) of the crofis- 
mg arcs. 



Of the three deflections, I, F, and K/, given two, to determine 

the third, 

Prob. VI. (1). (Xa4-X6)=:(I-F). (1) K/=J^(F+I). (2) 

Demonstration, — Problem IV. (1). The deflection, K/, from 
AF to FB, is equal to the algebraic difference, J^ X^ — 
(— % ^^)» ^^ ^^^G bearings to the chords from their respoo- 
tive tangents, plus tlie deflection, F, from one tangent to the 
other, and therefore K/= i^(Xa + Xh) + F. 

By problem VI., J^ (Xa + X5) = J^ (I — F), and therefore 
K/=i^(F + I). 

This sum is algebraic, and each pair of curves will cross at 
two points, for which the signs of F will be different, but the 
signs of F in (1) and (2) will always be different. 

Ed-ample 1 (figure 50). This figure represents a siding to a 
railroad-track, for which 1 = 0, and therefore K/= J^F. 

Example 2 (figure 70). This figure represents a crossing from 
one railroad-track to another, for which I is equal to the greater 
frog-angle. Fa, and F to the lesser frog-angle, F6, and there- 
fore K/= i^^ (Fa + F6). 

Example 3 (figure 59). This figure represents a turn-out from 
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a railroad-track, for which F is equal to the frog-angle ; I to 
the switch-angle, S, and therefore K/= 3^ (F -h S). 

Example 4 (figure 68). In this figure, which represents a 
tuiTi-out from a double or three-throw switch, F" is the mid- 
dle frog-angle; I is equal to twice the switch-angle, S; and, as 
4-Xa - F'^ Xh= -1= -2 S, (Xa+X&) = (F''-2 S), and K/= 
3^(F''+2S). 

.For further examples, see problem XVI. with relation to 
intersecting curves, and problem XVIII. with relation to 
sidings, crossings, and turn-outs from single and double 
switches. 



PROBLEM IX. 

TO SURVEY, BY CHOED INTERSECTIONS, AN ALIGNMENT OP CURVES 
AND TANGENTS FOR A RAILROAD-TRACK. 

1. Definitions and FormulcB, — The degree of curvature is 
the tangential deflection over an arc of which the chord is 
100 feet, and is equal to the central angle between the radii 
through the extremities of the chord. 

Statimis, — The extremities of the 100' chords are called sta- 
tions, and marked by stakes numbered consecutively 0, 1, 2, 
3, etc., each number representing a distance of 100 feet^ mea- 
sured over the 100' chords. 

The tangential deflection of an arc is the deflection from the 
initial to the terminal tangent, and the chord deflection is the 
deflection from the initial tangent to the chord through the 
extremities of the arc. 

Let D be the degree, and r the radius of curvature of an 
arc ; I, the tangential deflection, or angle of intersection ; K, 
the chord deflection, and a the number of stations. 

The relations between these quantities are expressed by the 
following formulae: 

Sin. i^D = 50-f-r. (1) 

I = s.D. (2) 
K = s.%\y, (3) 

i = 100 . sin. 1^ I -^ sin. H^ = 2r . sin. J^ I. (4) 
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2. Survey hy lOO' chords (figure 12). The instrument is placed 
at the initial point of the are, marked in the figure, and 
aligned on the tangent through that station. (3) The deflec- 
tions, K, from the initial tangent to the chords from 0, to 1, 2, 
3, . . . «, etc., are Ix^D, 2X%D, ^X}iD, . . . «XKI>» 
etc. 

A chain 100' in length is used, and a rod, in the hands of 
the fore chain man, is aligned on the chord through I by the 
transitmari, while the back chainmau holds it at a distance of 
100 feet from station by means of the chain. 

The rod is then aligned on the chord through station 2, and 
at a distance of 100 feet from station 1, and the same process is 
repeated to the terminal point of the arc, or until it is neces- 
sary to move the instrument. 

If, when a deflection, axJ^D, has been made to the chord 
through station s, it is desired to move the instrument, it is to 
be placed at station «, aligned on the chord through 0, and a 
deflection, 8.}y^ I), made to the tangent at 8, 

The sun'oy may thou be made from the new tangent, by the 
process above described, until it is necessary again to remove 
the instrument. If the vernier reading is zero while on the 
initial tangential direction, and remains unchanged while mov- 
ing the instrument, the reading on any other tangent will be 
the algebraic sum of the intervening tangential deflections. 

It will, however, be found more convenient to have the 
reading zero at each tangent-point to which the instrument is 
moved, and this may be effected in the following manner. 

Suppose the reading of the tangent at any station, as 0, to 
be zero, and tlie chord deflection, for the chord through sta- 
tions and «, to be 8X% ^* ^^ove the instrument to station s; 
change the reading to sXj^D on. the opposite side of the zero 
of the graduated plate; align on the chord, and deflect until 
the reading is zero. 

The instrument will then be aligned on the tangent at sta- 
tion 8. 

As a check on the work, and for convenience in platting, 
whether by scale or by latitudes and departures, it is necessary 
to calculate the changes of the bearings of the tangents, and to 
check the calcuhited bearings by comparison with the observed 
1 letic bearings. There is a constant liability to error by 
nistaking right for left; by the slipping of the plates^ and 
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from other causes, and no notes can be considered reliable un- 
less this precaution has been taken. 

The method of calcuhiting the bearings is shown in the fol- 
lowing form of field notes: 
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Explanation of Form of Field Notes, — The symbols, or ab- 
breviations, used in curvilinear surveys are as follows: B.C. 
and E.G. represent the beginning and end of a curv^e; B.T, 
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and E.T., the beginning and end of a tangent; P.T or T.P., 
a tangent-point, not on the extremity of an arc or tangent; 
P.C.C or P.R.C., a point of compound or reversed curvature; 
and R and L, right and left, with reference to deflections, the 
right being generally, as in the example above, the positive di- 
rection. 

The survey is supposed to commence at station 0.50, with a 
lO-degree curve to the right. The magnetic bearing of the 
tangent at 0.50 is S. 5° 00' W., or N. 175" 00' W., or -175° 00', 
counting from north 180 degrees to the right or left.. 

The calculated bearing should be expressed by this method 
rather than by quadrant, and may be readily compared with 
the observed bearing by subtracting from 180 degrees, when 
greater than 90 degrees. In column 4 are given the deflections 
from the tangent to the chords, calculated by (3). The deflec- 
tion from the tangent at 0.50 to the chord through and 3,50 
is (3.50—0.50) multiplied by half the degree of curvature, or 
15° 00'. 

The instrument is moved to 3.50, aligned on the chord, and 
a deflection of 15 degrees made from the chord to the tangent. 

The tangential deflection from 0.50 to 3.50 is double the 
chord deflection of 15 degrees, and to the right, and there- 
fore equal to +30° 00'. The bearing of the tangent at 3.50 
is the algebraic sum, (-175°) + (+30^) = (-145°), of the bear- 
ing at the preceding tangent-point, and the deflection over the 
arc. 

This bearing is equivalent to S. 35° W., and the observed 
bearing is S. 353^° W. In the same manner, the bearing of 
the terminal tangent of any arc is equal to the algebraic sum 
of the bearing of tlic initial tangent, and of the tangential de- 
flection from the initial to the terminal tangent. 

Station 3.50 is the beginning of a tangent which ends at 
5.00. The calculated bearing is, of course, the same at both 
extremities of the tangent, but the observed bearings differ by 
one degree on account of local attraction. When there is a 
considerable amount of local attraction, the bearing should 
be taken at both extremities of the chord or tangent when the 
instrument is moved. In the same manner the chord deflec- 
tions, and tlie tangential deflections and bearings, are deter- 
mined for the remaining ix>rtions of the line. 

It will be seen that the calculated bearing of the tangent 
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at station 11 is —181°, or N. 181° W., which is equivalent to 
+ 179°, or N. 179° E., or S. 1° 00' E., which is also the ob- 
served bearing. 

At station 12.90 a connection is made with station 15.24 of 
a line previously run, and (12.90 = 15.24) is called the equor- 
tioii of the connection. As it is generally necessary to revise 
portions of every located line, and the equations of the connec- 
tions are a constant source of error, the distance from the pre- 
ceding even station to the pomt of connection, and thence to 
the even station next succeeding, should be always given, and 
also (in the column of remarks), the distance between the con- 
tiguous even stations on the old and revised lines. 

In the example, 12.90 is supposed to be on the revised line, 
and the order of stations is as follows: 

On the revised line, 11, 12, 12.90. 

On the old line, 15.24, 16, etc. 

The distance from 12 to (12.90 = 15.24) is 90 feet, and the 
distance thence to station 16, 76 feet, so that the distance 
from 12 to 16 is 166 feet, or 234 feet less than is indicated by 
the numbers on the stakes. 

If 12.90 were on the old line, the order of the stations would 
be as follows: 

On the revised line, 13, 14, 15, 15.24. 

On the old line, 12.90, 13, 14, etc. 

In this case there would be two stations, 13, 14, and 15; the 
distances would be 24 feet from 15 to (15.24 = 12.90), and 10 
feet thence to 13, so that the distance woidd be 24 feet from 
15 to 13, and 234 feet from 13 to 13, which is therefore 234 
feet greater than indicated by the number of the stations. 
These connections should, if possible, be made on the tan- 
gents, and the notes should be made on the ground and given 
to the leveller for allowance in the grades. 

3. Survey by Long Chords. — When it is required to mark 
only the extremities of the arcs, the lengths of the chords are 
to be calculated by (4), article 1, and the instrument moved* 
from one extremity of each chord to the other, as in the fol- 
lowing example, which is the same, as regards the alignment, 
with the example in article 2: 
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In this example, tho length of the chord, anil the beflrinj; of 
the tangent, are placed opposite the terminal jioiiit of each 

Tlic bearing of (he chore] may be obtained by adding the 
chord, instead of tlie tangent, deflection, to tho bearing of I lie 
'nitial tangent, and with these bearingB and distances the 
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chords may be platted by scale, or by means of latitudes and 
departures, as in example 4, problem XI. 

4. (figure 13). — Oiven the lengths and deflections of any series 
of intersecting lineSy considered as chords, atid the deflec- 
tion to the first from a given tangentiaZ direction ; re- 
quired the degree of curvature, ai\jd the tangential deflec- 
tions, of an alignment of curves with the intersections of 
the lines as points of compound or reversed curvature. 

In the example of article 3, the degrees and tangential de- 
flections of the arcs are given, and the chords are calculated 

by (4). 

In this example, the chords, and the deiBlections from one 
choixi to the other, and the first chord deflection, are given, to 
determine the degrees of curvature and the tangential deflec- 
tions of the arcs. The solution is based upon the following 
formulae. 

1^ la and J^ lb are the chord deflections of any two contigu- 
ous arcs, with their common tangent-point at the intersection 
of their chords «^ and t^,. Da and Db are the degi-ees of curva- 
ture, and K is the deflection from one chord to the other. 

The chord deflection J^ la, and i^, t\, and K, are given, and 
tlie chord deflection 3^16, and the degrees. Da and D6, and 
the numbers, «, and s^,, of stations in the arcs, are determined 
by the following formulae: 

Problem VII. (2), }4lb = K-%la. (5) 
Problem IX. (4). Sin. J^ D = 15?_i^!LJiI. (6) 

Problem IX (2). s = K^. (7) 

In (5), K and i^ la are to be considered positive when to the 
right, and negative when to the left, and the algebraic differ- 
ence, (K — 1^ la), will give the sign and value of i^ lb. 

The application of those formulae will be understood from 
the following example, referring to figure 13: 
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In tbi$ example, the deflection, 4-35°, from the assumed tan- 
gential direction, at station 0, to the first chord, is the chord 
deflection of the flrst arc. The chord deftection of the second 
are, from station 13,00, is the algebraic diflerence, (+9°) — 
(+25°) — (— 1G°), obtained by subtraetiog the chord de&ection, 
{+35°). of the flrst arc, from the deflection, K, from the first 
to the second clionl, and, in like manner, the chord deflec- 
tion, 1^1, of any arc is obtained by subtracting the chord 
deflection of the preceding arc froiu the deflection, K, between 
the chords ot tlio two arcs. 

At station 49.30, the chord deflection is zero, and the chord 
from that station coincides with the tangent. 

From the chord deflections, }^1, thus calculated, the de- 
grees of curvature, and the number of stations in the aies, are 
determined by (G) and (T). In calculating the stations, it will 
be convenient to reduce degrees and minutes to degrees and 
decimals, by the rules of problem I. The number o( statinns 
in each arc having been determined, the numbers of the stA- 
tions on t!ic alignment may tlipn be ealculaled, as shown in 
column 7 nf the example. It will bo seen that the distance 
measured over the 100' chords is 119 feet greater than the dis- 
ance over the long chonls. 

The alignment is given in the hist column. When two con- 
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tigiious curves are reversed, another pair, with an intervening 
tangent, may be substituted by the rules of problem XXIV. 

5. Grade line surveys are made to determine the practica- 
bility of a line from a summit, with a given maximum degree 
of curvature and rate of grade. Generally, the levels and rates 
of grade are exact, but the alignment is impracticable, and, 
consequently, no conclusions can l>e drawn as to the charac- 
ter or practicability of the location. 

If, in such a survey, an initial direction of tangent is as- 
sumed, and the lines considered as the chords of an alignment 
of curves, compounding or reversing at the intersection points 
of the lines, it will serve as a useful check on the rate of cur- 
vature. 

The chord deflections, as in the example of the preceding ar- 
ticle, may be calculated by simple addition and subtraction, 
and the degrees of curvature, with sufficient exactness, by the 
following formula : 

The degree of curvature, thus calculated, should not exceed 
the maximum degree, and, when it is necessary, the chord 
should be extended so that D may not exceed that maximum. 

When the signs of the chord deflections of two contiguous 
ai'cs are reversed, allowance should be made for the introduc- 
tion of an intervening tangent by reducing the value of I 
in (8). 

The calculations may be easily made, in the field, by the 
transit-man. 



PROBLEM X. 

EIGHT-ANGLED TRIANGLES — DEPARTURES AND LATITUDES. 

{For demonstration see proposition XIIL) 

(Figure 18.) A is the initial, and B the terminal, point of a 
line (AB). 

Al% and AW are co-ordinate axes through the initial point, 
A ; the direction of the axes being such that the deflection, 
AW. AN, is +90°. 

a is the length of the line (AB), and (AN.AB = A) is the 
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bearing from the axis AN, estimated, right and left, from 0° to 
180°, and not by quadrant. 

The departure, d, and the latitude, 7, are the perpendicular 
distances, right or left, to the terminal point, B, the one from 
axis W^ and the other from the axis AW. 

These distances are positive when measured in one direction, 
as to the right, and negative when measured in the opposite 
direction. 

(I.) Given a and A, to determine d and I; 
(II.) Given d and Z, to determine a and A. 

The solution is based on the following proposition: 

(AB) is tlie hypothenuse of a right-angled triangle, of 
which d is the perpendicular, and I the base. 

The bearing A is equal to the acute angle of this triangle op- 
posite d, when I is positive, and to 180 degrees minus that 
angle when I is negative. 

The sign of A is the same as the sign of d. 

To determine d and I when a and A are known. 
<? = a.sin. A. Z = a.cos. A. (1) 

In these equations, d will have the same sign as A, and I will 
be positive when A is less than 90 degrees, and negative when 
it is greater. 

To determine a and A when d and I are knovm, 
a and A may be determined by (2) or by (3), as follows: 

Tang. A = d-^h ^ (2) 

a = d-^ sin. A = / -«- cos. A. ) ^ ^ 



Sin. X = d-i-a. Cos. A = / -h a. ) ^ ^ 

In these equations, A will be equal to the acute angle cor- 
responding to the tangent, sine, or cosine, when I is positive, 
and to 180 degrees minus the acute angle when I is negative, 
and the sign of A will be the same as the sign of d. 

In the case of a single right-angled triangle, it is, as a rule, 
necessary to consider only the magnitudes of the quantities; 
but to determine the position of B, or the distance and direc- 
tion from another point. A, the magnitudes and signs must bo 
considered. 
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Example \, AN.AB = (--150°); (AB)=1,000; required the 
departure and latitude. 

Sd = 1,000. sin. (-150°)=1,000 X .500 = (-500). 
^ ^ \l = 1,000. COS. (-150°)-1,000 X .866 = (-866). 

The departure, d, is negative because the bearing is negative, 
and the latitude is negative because the bearing is greater than 
90 degrees. Considering AN to be north and AW west, and 
the right positive, the terminal point, B, would be 500 left, or 
west, of AlV, and 866 left, or south, of \W. 

Should the bearing be (—30°), instead of (—150°), the sign 
and magnitude of the departure would be the same, but the 
sign of I would be positive, and B would be 806 right, or north, 
oi\W. 

Example 2. The departure, d, is (—500), and the latitude 
(-866). 
Tang. (A = -150°) = c? -^ Z = .500 -^ .866 = .5773. 
a-d-i- sin. A = l^ cos. A = 500 ^-.500=866-^ .866=1,000. 

If the right is positive, the bearing A is to the left of AN 
because the point B is to the left of AN, and is greater than 
90 degrees because B is to left, or south, of AW. 



PROBLEM XI. 

DEPARTURES AND LATITUDES. 

{For demonstration see proposition XIII.) 

(AB), (BC), (CD), . . . (WX), (XY), and (YZ) are a 
series of lines extending from A to Z. The initial point, A, 
of the series is the origin of co-ordinateSy and the line from A 
to any point is the closing line to that point. 

The co-ordinates of any point, Z, are the perpendicular dis- 
tances to Z, right or left, from the co-ordinate axes \S and 
AW. 

The distance from AN is the ordinate, and the distance from 
AW the dbscissay and the ordinate is, therefore, equal to the 
doj)ai*ture. and the abscissa to the latitude, of the closing line, 
from A to Z. 



52 DEFLECTIONS, LATITUDES, AND DEPARTURES. 

and E.T., the beginning and end of a tangent; P.T or T.P., 
a tangent-point, not on the extremity of an arc or tangent; 
P.C.C or P.R.C., a point of compound or reversed curvature; 
and R and L, right and left, with reference to deflections, the 
right being generally, as in the example above, the positive di- 
rection. 

The survey is supposed to commence at station 0.50, with a 
10-degree curve to the right. The magnetic bearing of the 
tangent at 0.50 is S. 5° 00' W., or N. 175" 00' W., or -175° 00', 
counting from north 180 degrees to the right or left.. 

The calculated bearing should be expressed by this method 
rather than by quadrant, and may be readily compared with 
the observed bearing by subtracting from 180 degrees, when 
greater than 90 degrees. In column 4 are given the deflections 
from the tangent to the chords, calculated by (3). The deflec- 
tion from the tangent at 0.50 to the chord through and 3.50 
is (3.50—0.50) multiplied by half the degree of curvature, or 
15° 00'. 

The instrument is moved to 3.50, aligned on the chord, and 
a deflection of 15 degrees made from the chord to the tangent. 

The tangential deflection from 0.50 to 3.50 is double the 
chord deflection of 15 degrees, and to the right, and there- 
fore equal to +30° 00'. The_ bearing of the tangent at 3.50 
is the algebraic sum, (-175°) + (+30^) = (-145°), of the bear- 
ing at the preceding tangent-point, and the deflection over the 
arc. 

This bearing is equivalent to S. 35° W., and the observed 
bearing is S. 353^° W. In the same manner, the bearing of 
the terminal tangent of any arc is equal to the algebraic sum 
of the bearing of the initial tangent, and of the tangential de- 
flection froni the initial to the terminal tangent. 

Station 3.50 is the beginning of a tangent which ends at 
5.00. The calculated bearing is, of course, the same at both 
extremities of the tangent, but the observed bearings differ by 
one degree on account of local attraction. When there is a 
considerable amount of local attraction, the bearing should 
be taken at both extremities of the chord or tangent when the 
instrument is moved. In the same manner the chord deflec- 
tions, and the tangential deflections and bearings, are deter- 
mined for the remaining portions of the line. 

It will be seen that tiic calculated bearing of the tangent 
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at station 11 is —181°, or N. 181° W., which is equivalent to 
+179°, or N. 179° E., or S. 1° 00' E., which is also the ob- 
served bearing. 

At station 12.90 a connection is made with station 15.24 of 
a line previously run, and (12.90 = 15.24) is called the equor 
Hon of the connection. As it is generally necessary to revise 
portions of every located line, and the equations of the connec- 
tions are a constant source of error, the distance from the pre- 
ceding even station to the pomt of connection, and thence to 
the even station next succeeding, should be always given, and 
also (in the column of remarks), the distance between the con- 
tiguous even stations on the old and revised lines. 

In the example, 12.90 is supposed to be on the revised line, 
and the order of stations is as follows: 

On the revised line, 11, 12, 12.90. 

On the old line, 15.24, 16, etc. 

The distance from 12 to (12.90 = 15.24) is 90 feet, and the 
distance thence to station 16, 76 feet, so that the distance 
from 12 to 16 is 166 feet, or 234 feet less than is indicated by 
the numbers on the stakes. 

If 12.90 were on the old line, the order of the stations would 
be as follows : 

On the revised line, 13, 14, 15, 15.24. 

On the old line, 12.90, 13, 14, etc. 

In this case there would be two stations, 13, 14, and 15 ; the 
distances would be 24 feet from 15 to (15.24 = 12.90), and 10 
feet thence to 13, so that the distance would be 24 feet from 
15 to 13, and 234 feet from 13 to 13, which is therefore 234 
feet greater than indicated by the number of the stations. 
These connections should, if possible, be made on the tan- 
gents, and the notes should be made on the ground and given 
to the leveller for allowance in the grades. 

3. Survey hy Long Chorda. — When it is required to mark 
only the extremities of the arcs, the lengths of the chords are 
to be calculated by (4), article 1, and the instrument moveit^ 
from one extremity of each chord to the other, as in the fol- 
lowing example, which is the same, as regards the alignment, 
with the example in article 2: 
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determine the co-ordinates of the points of intersection, and 
the bearing and distance from to 12.50, and from 12 to 1. 



Station. 


Bearing. 


Dis- 
tance. 


De- 
parture. 


Or- 
dinate. 


Latitude. 


Abscissa. 


o 

I 

5 

lO. 
12. 

12.50 


-|-io° 00' 

+50° 00' 

-[-150° cxs' 

+180° 00' 

— 170" 00' 


N. 10° E. 
N. 50° E. 
S. 30° E. 
South. 
S. 10° W. 


100 
400 
£Oo 

2CXD 
50 


+17.4 

+306.4 

+250.0 

0.0 

-8.2 


0.0 

+17.4 
+323.8 
+573.8 
+573.8 

+565.6 


+98.5 
+257-1 
-433-0 
—200.0 

-49.3 


0.0 

+98.5 
+355-6 

-77-4 
-277.4 

-326.7 


+565.6 


-326.7 



In this table, opposite to the initial station of each line, is 
placed the bearing, length, departure, and latitude of the line 
and the co-ordinates of the station. . 

The co-ordinates of the origin (station 0), are zero; the or- 
dinate of station 1 is the departure, and the abscissa the lati- 
tude, of the line of which station 1 is the terminal point; the 
ordinate or abscissa of any other station is equal to the alge- 
braic sum of the ordinate or abscissa, and of the departure or 
latitude, on the preceding line. 

The bearing, Z, and the distance, 2, of the closing line, from 
station to station 12.50, are determined in the following man- 
ner: 

The departure, e.= (+5C5.6). The latitude, n,= (-826.7). 

Prob X /o J Tang.(Z= +120'')=(+505.6)-t-(-320.7)= -1.731. 
• • ^ M 2 = 5G5.G -r- sin. 120'^ = 320.7-^ cos. 120°= 653.2. 

There are two angles, 120'' and 60", corresi^nding to the nu- 
merical value of the tangent, and Z is the greater, because the 
latitude is negative, and has the same sign with the departure. 

The line from station to 12.50 is therefore 653.2 in length, 
and bears 120^ to the right of north, or S. 60° E. 

The same result would be obtained from (8), problem X, 
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To determine the bearing and distance from station 12 to 1. 



(3) { 



The co-ordinates of station 1 are (+17.4) and (+98.5). 
The co-ordihates of station 12 are (+5T3.8) and (-277.4). 



( Thedeparture from 12 to 1 is (+17.4) -(+573. 8)=(-556.4). 
^^ ^ ( The latitude from 12 to 1 is (+98.5)-(-277.4)=(+375.9). 

Station 1 is therefore 556.4 west, and 375.9 north, of station 
12, and the bearing, Z, and length, z, are determined as fol- 
lows ; 

Prnh Y .pJTang.(Z=-55^5r)=(-556 4)-(+375.9)=1.4802. 
irroD. A. K^)1^^ (55(j 4j ^ ^^^ 2 = (375.9) -^ cos. Z = 671.5. 

Z is the lesser of the two angles, 124° 03' and 55° 57', corre- 
sponding to the tangent 1.4802, because the latitude is positive, 
and is negative because the departure is negative. 

4. To determine the co-ordinates of the extremities of the chords 

in a given alignment of curves. 

For this purpose the bearing of the initial tangent must be 
given, and also the deflection from the tangent to the first 
choixl ; the deflection from one chord to another, and the 
lengths of the chords, must then be calculated by the follow- 
ing formulae: 

The chord deflection of an arc is the deflection from the tan- 
gent to the chord, and is equal to half the tangential deflection 
over the arc. If i is the length, I/2I the chord deflection, D 
• the degree, and r the radius of curvature, 

Prob IX /IN ^*=100.sin. i^T-sin. 3^D = 2r.sin. i^I.\ 
rroD. 1 A. w \^gi^ 1^ I = ^ . sin. 1^ D -=- 100 = % i^r. ) ^*> 

If J^I' and 3^1" are the chord deflections of two arcs with a 
common tangent, and if K is the deflection from one chord to 
the other, 

Prob. VII. (1). K = 1^1'+ %!', (b) 

A tangent is to be regarded as a chord for which the degree, 
D, and the angle, i-^I, are zero, and the sum, i^I'+J^I", in 
(b), is algebraic. If, therefore, the chord deflections, J^I, 
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equal to half the tangential deflections of the arcs, are given, 
the deflection, K, from one chord to another, and the chord 
lengths, are determined by (a) and (b), and as the bearing of 
the first chord is equal to the algebraic sum of the bearing of 
the tangent and the first chord deflection, the bearing of eacli 
chord may be determined by (1), and the co-ordinates of the 
extremities of the chords by (3), of this problem. 

Example 1 (figure 6). This figure represents two circles, of 
equal radii, reversing at E, and circumscribed on hexagons, 
the sides of which are equal to the radius : 



Initial 
Station. 


Chord 
Deflection 


Deflection 
between 
Chords. 


Bearing 

of 
Chord. 


Length of 
Chord. 


Departure 

of 

Chord. 


Ordinate 
6f s. 


Latitude 
, of Chord. 


Abscissa 
of J. 


Tangent. 


















AN. 



















A 


+30« 


+30° 


+30° 


1000 


+500 





+866 





B 


+30** 


-f6o° 


+90« 


1000 


-|-iooo 


+500 





+866 


C 


+30'' 


4-60* 


+150° 


1000 


+500 


4-1500 


-866 


+866 


D 


+30" 


+60° 


+210° I 
-150° f 


1000 


-500 


-|-2000 


-866 





E 


-30» 


o"* 


— 150° 


1000 


-Soo 


+1500 


-866 


-866 


F 
G 


-30« 


-60° 


— 210° 
+ 150° ■ 


1000 


+500 


+ 1000 
+1500 


-866 


-173= 

-259G 


4-150" 


+1500 


-259C 



The co-ordinates are to be determined from the initial tan- 
gent, AIV, as an axis, and from A as the origin of co-oixli- 
nates. 

The chord deflections are, each, 80 degrees, and the deflec- 
tions, K, from one chord to the other GO degrees, except at E, 
where the signs of the chord deflections are different, and the 
algebraic sum is therefore zero. 

The bearing of AB is equal to the chord deflection (-f 30*^). 



PROBLEM XI. 65 

The bearing of any chord, as CD, is the algebraic sum, (+90°) 
+ (+60°) = (+150**), of the bearing of the preceding chord, 
BC, and the deflection, K, from that chord to CD. 

The chords are equal to 1,000', and the departures and lati- 
tudes are 1,000 times the sines and cosines of the bearings. 

The signs of the departures are the same with the signs of 
the bearings, and the latitudes are positive when the bear- 
ings are less than 90 degrees, and negative when they are 
greater. 

The ordinate of A is zero; the ordinate of B is the departure 
of (AB); the ordinate of C is the sum of the ordinate of B 
and the departure of (BC) ; and the co-ordinate of any point 
is the algebraic sum of the co-ordinate, and departure or lati- 
tude of the preceding point. 

The ordinate of the terminal point, G, is the algebraic sum 
of the departures, and the abscissa of the latitudes, of the 
lines between A and G ; and as these co-ordinates are equal to 
the departure and latitude of the closing line (AO), the bear- 
ing and length of that line may be determined from (2) or (3), 
problem X. , in the following manner : 

The co-ordinates of G are, eQ= +1,500, and 71^= —2,598, 

j Tang. (G= +150^)=:(eQ-^ Wg)=(+l,500)^(-2,598)=.5774. 
^^^ (^^eQ-^-sin.G = nQ-^cos.G =3,000. 

The same result would be obtained from (3). 

In (2), the numerical value, .5774, of the tangent corre- 
sponds to two angles, 30" and 150°, but G is the greater value, 
because n^ is negative, and G is therefore to the left, or south, 
of AW, and the bearing is +150°, or S. 30° E., the sign being 
fixed by the sign of e^, which shows that G is to the right, or 
east, of AN* 

(3) To determine the length and hearing of the line (FC), ex» 
t&nding from F to C (not from C to F). 

The departure of (FC) is the algebraic difference, {e^—e^, of 
the ordinates of its extremities, and the latitude the algebraic 
difference, (%— Wp), of the abscissas, the co-ordinates of the 
initial point, F, being always the subtractiv^e terms of the al- 
gebraic differences. The length and bearing of the line may 
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therefore be determined by (2) or (3), problem X., in the follow- 
ing manner: 

e^ = (+ 1.500). n^ = (4-866). 

e^ = (+1,000). Wp = (-1,732). 

(^c - %) = (+500). (n^ - n^) = (+2,598). 

i Tang. (AN.FC= +10° 540 = (e -ef)^(Wc-nj.)=.1925. 
^ ^ 1 (FC) = 500 -^ sin. 10° 54' = 2,598 -f- cos. 10° 54' = 2,646. 

In (2), the tangent, .1925, corresponds to two angles, +10° 54' 
and +169° 00', and the lesser angle is the value of the required 
bearing, because the latitude, (Uq— n^) = (+2,598), is positive. 
The sign of the bearing is positive, because the sign of the de- 
parture is positive. 

The departure and latitude of the line (CF), from C to F, 
would be negative, and therefore the bearing, AN.CF, would 
be -169° 06', or S. 10° 54' W. 

Tlie co-ordinates of the point D are (+2,000) and 0: and, 
therefore, D is 2,000 feet riglit, or east, of AN, and on the line 
AW, so that (AD) is equal to 2,000 feet, which is the diame- 
ter of the circle in which the hexagon is inscribed. 

JExample 2 (figure 15). Given the degree, D, and the angle, I, 
of an arc ; required the co-ordinateSy or offsets, to the ex- 
tremities of sub-chords of given length, from the chord of 
the arc as the axis SN, 

The bearing of the tangent is equal to J^I. 
The deflection, }^Ii, from the tangent to the first sub-chord, 
ii, is obtained by the following equation: 

Sin. i|Ii = t,.sin. 3^D-4-10O. 

The deflection from one chord to another is equal to half the 
sum of the angles subtended by the chords, or to the sum of 
the chord defleclious. 

From the bearing of the first sub-chord, the deflections be- 
tween the sub-chords, their lengths, and the co-onlinates of 
their extremities, may be determined, as in the following el- 
)le: 
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In this example, the degree of curvature is S degrees, the 
angle is 48 degrees, the sub-chords are ICO feet, and the chord 
from which the offsets are to be measured passes through sta- 
tions 2 and 8. 

The bearing of the tangent from the chord (2, 8) is half the 
angle of the arc, or (—24°). The deflection from the tangent 
to the first sub-chord is half the degree of cui-vature, and the 
deflection from one chord to another is equal to the degree of 
curvature, except the last chord, which subtends an angle of 
4° 24', and, tlierefore, the deflection from the chord (10, 11) to 
the chord (11, 11.55), being half of the sum, (8'*4-4*' 24'), of 
the angles subtended by the chords, is 6** 12'. 

The bearing of the chord from any station is equal to the al- 
gebraic sum of the preceding bearing and the deflection, K, at 
the station ; the departure and latitude of a course is found by 
multiplying the sine and cosine of the bearing by the length of 
the chord ; the co-ordinates of station 2, which is the origin of 
co-ordinates, are equal to zero; the co-ordinates of station 3 
are equal to the departure and latitude of the chord from 2 to 3, 
and the co-ordinate, or offset, to any station is equal to the off- 
set to the preceding station added to the departure or latitude 
from that station. The chord from one station to another is 
the hypothenuse of a right-angled triangle, of which the per- 
pendicular is the difference of the ordinates (or eastings) of 
the extremities, and the base is the difference of the abscissas 
(or northings). 

The middle ordinate, or ordinate of the middle station, 5, is 
61.97, and the length of the chord from 2 to 8 is the abscissa, 
(583.08), of station 8. 

Example 8 (figure 16). To determine the offsets, from the initial 
tangent^ to an arc of given degree of curvature. 

The method is the same as in the preceding example, except 
that the tangent of the arc, instead of the chord, is assumed 
as the axis from which the bearings and ordinates are meft- 
sured. 
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Example 4 (figure 17). To ?ay ojf an alignment of curves and 
tangents by offsets from an axis at a given angle tvith the 
tangent at the initial station^ and from an origin at a 
given distance from that station. 

In the example below, the offsets to the initial station, (0.75), 
from the origin, are —180' and +200', and the deflection from 
the assumed axis to the initial tangent through 0.75 is 18° 30'. 

In the three first columns are given the stations, degrees, 
and tangential deflections of the different arcs, and from tliese 
data it is required to find the bearings and lengths of the 
chords, and the offsets to their extremities from the given 
axes of co-ordinates. 
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The successive steps by which the calculation is made are as 
follows : 

In column 4 place the chord deflections, equal to half the 
corresponding tangential deflections in column 3, and with the 
same sign. 

In column 5 place the deflections, K, from one chord direc- 
tion to another. The value of K, opposite the first chord de- 
flection, is the same with that deflection. The value of K, op- 
posite any other chord deflection, is equal to the algebraic sum 
of that and the preceding chord deflection. 

In column 6 are the bearings of the chords. The bearing of 
the first chord is equal to the algebraic sum of the first value 
of K and of the bearing of the initial tangent when that tan- 
gent is not the axis, and equal to K when the bearing of the 
initial tangent is equal to zero. The bearing of any other 
chord direction is equal to the algebraic sum of the angle K, 
on the same horizontal line, and of the preceding bearing. 

In column 7 are the lengths, », of the chords, calculated by 
the formula, i = 100 . sin. J^ I -?- sin. J^ D, in which J^ I is the 
chord deflection, and D the degree of curvature. 

The sum of the angles, K, should be equal to the bearing of 
the last choBd, minus the bearing of the initial tangent when 
that bearing is not zero; the ordinate, (+91.78), of the termi- 
nal station, 22.13, is the sum of all the departures, and the ab- 
scissa, (+2242.13), of aU the latitudes, and the ordinate or ab- 
scissa of any point, is the algebraic sum of the departure or 
latitude, and ordinate or abscissa, opposite to the preceding 
station. 

The co-ordinates of the chords are generally calculated by 
means of semi-tangents, or distances from the initial point of 
the are to the intersection of the tangents, and thence to the 
terminal point; the change of bearing, from one serai-tangent 
to the other, being the tangential deflection of the arc. This 
method, however, involves a somewhat greater amount of cal- 
culation than the above, and the intersection of the tangents is 
not upon the alignment. 

The calculation of tlie co-ordinates of an alignment of rail- 
road curves should be in sections of not more than one mile, so 
that in case of a change of a portion of the line, or an error of 
calculation, it may not be necessary to recalculate the co-ordi- 
nates of the whole line. 
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PROBLEM XII. 

BIGHT AKD OBLIQUE TRIANGLES. 

{lor demonstration see proposition X.) 
In a triangle there are three sides and three angles. 

Given a side and two other parts; required the remaining 

parts, 

1 (figure 24). Hight-angled triangles are triangles of which 
one angle is a right angle, equal to 90 degrees. 

Let h be the hypothenuse, or side opposite the right angle ; 
p the perpendicular, and P the angle opposite to p; b the 
base, and b the angle opposite to b. 

The right angle and the two parts in column 1 of the table 
below being known, the parts in column 2 are determined by 
the formulae in column 3. 



1 
Given. 


3 

Required. 


Formulae. 


P or B 


B orP 


B = 9o«-P.P = 9o«»-B 


(0 


P or B and k 


/ and i 


/ = ;iXsin. P = AX COS. B \ 
^ = AXcos.P = AXsin.B f 


(») 


P or B and 3 


/ and A 


j / = ^ X tan. P = 3 X cot. B ) 
1 A=^-«-cos. P = *-*-sin. B f 


(3) 


PorBand/ 


b and k 


j ^ =/ X cot. P =/ X tan. B \ 
\ ;i = 3-+-cos. P = 3-*-sin. B ) 


(4) 


• 

A and 3 


B, P, and/ 


( sin. B = COS. P = ^ -•- A \ 


(5) 


\ /= |/(>4-f^).(A-^) ) 


A and/ 


B, P» and b 


COS. B = sin. V-p-^k | 


(6) 


\ b^ ViA-\-/).{A-/y ) 


6 and/ 


B, P, and h 


i cot. B = tan. P =/-*-* ) 


(7) 


1 A= V^»+/« ) 
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2 (figure 27). Oblique tricmgles are triangles of which each 
angle is either greater or less than 90 degrees. 

In the solution of the problem for oblique triangles, there 
will be four different cases, in which the given parts will be as 
follows : 

1. A side and the two adjacent angles. j 

2. Two sides and an angle opposite to one of the sides. | 

3. Two sides and the included angle. 

4. The three sides. 

The parts in column 2 of the table below being known, the 
parts in column 3 are determined by the formulae in colunm 4. 



I 
Case. 


2 
Given. 


Required 


4 
Formulae. 




Two angles. 


The third 


A + B + C=i8o°. 


(8) 
(9) 

(xo) 
(xx) 

(12) 


z 


A,c, B 


a,C,3 


■C = i8o«-(A4-B) 

a = sin. A -; — 7;. 3=sin. B-; — ;=• 
sin. C sm, C , 


3 


a,^,A 


C,B,f 


' . _ , sin. A . ^ sin, A 

sin. B = 3 . sin.C=c • 

a a 

- 

c = sm. C — r = Sin. C -; — =^* 

sin. A sm. B 


3 


«,C,3 


A,c,B 


Tan. Z = cot. ^ C "'~4- 

. A = (9o<'->^C + Z). B = (9oO- 
XC-Z). 

c = Sin. C r = sm. C -; — zr. 

sm. A sin. B 


4 


a,3,tf 


C, B,A 


a 

' cos. u= ; • COS.r>=i -. 

b c 

- sin. C sin. B 
Sin. A = a. = a . — . — . 

L c b ] 


♦ a is the greater of the two sides, a and 6. 
t ^ is the greater of the two sides, d and c. 
^ If jr is greater than a, B is greater than 90°. 
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3. Eight-angled tnangles — Example 1 (figure 24). The angle 
Blip is 90° ; the angle (HPB = P) is 30*' ; the base, J, is 2^ ; 
required tlie perpendicular, p, and the hypothenuse, h, 

/ON \P = ^' tang. P = 200 X ,517 = 115.4. 
^^^ \h = h--- COS. P = 200 -f- .866 = 230.9. 

Example 2, p = 200 ; b = 400 ; required B, P, and h. 

(7) Cot. (B = 63° 26') = tan. (P = 26*^ 34') = p -i- b = 200 -h 
400 = .50. 
h = (p'^-i- ¥)^ = (200,000)^ = 447.2. 
(2) 7i = & -5- COS. P = 400 -H .8944 = 447.2. 

Oblique triangles — Example 3, Case 1 (figure 25). Given 
A = 30°, B = 40°, and the included side, c = 500; required C, 
a, and b. 

(9) C = 180° - (A + B) = 110°. 

a = sin. A.(c-^sin. C) = . 50. (500-^.9397) = 266.1. 
b = sin. B . (c -f- sin. C) = .6428.(500 -*- .939) = 342.0. 

Example 4, Case 3. Given a = 540, b = 450, and the included 
angle, C = 80 ; required B, A, and c. 

(11) Tan.(Z = 6° ll')=cot. l^C.(a+&)-^(a-J)= 1.192. /|?|y= 

.1084. 
A = 90°-3^Ch-Z=:50°+6° 11'= 56° 11'. 
B = 90°- 1^ C - Z = 50°- 6° 11'= 43° 49'. 
b = sin. G.{a-r- sin. A) = .985 . (540 -5- .8308) = 640.1. ' 

In this example, a is the greater of the sides a and 6, and A 
the greater of the angles A and B. 

Example 5, Case 4. a = 6, J = 5, c = 4; required A, B, 
and C. 

(12) a; = (6 + c).(6 - c) -^ a = 9 -^ 6 = 1.50. 

Cos. (C = 41° 25') = 1^; (a + ir) -^ 6 = 3.75 -4- 5 = 0.75. 
Cos. (B = 55° 40') = ll{a-x)-^c = 2.25 -*- 4 = .5025. 
A = 82° 49' = 180° - (B + C). 

In order that (6 — c) may be positive, b must be the greater 
of the sides b and c ; and if x is greater than a, (a — a;) is nega- 
''ive, and also cos. B, and the angle B is obtuse. 
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PROBLEM XIII. , 

FORMULA FOB ANGLES AND LINES OF CIRCULAR ARCS. 

AVB (figure 28) is a circular arc. 

I = AI.IB = CA.CB is the tangential deflection, or angle of 
intersection, of the arc. 

8 is the number of stations in the arc. 

K = J^I is the chord deflectioriy or deflection from the tan- 
gent, AI, to the chord, AB. 

P is the degree of cui-vature, or tangential deflection over an 
arc with a chord of 100 feet. 

r = (CA) is the radius of curvature. 

k = (AB) is the length of the chord. 

I is the length of the arc. 

t = (AI) = (IB) is the semi-tangent. 

Sec. J^ I = (CI) is the secant of the half arc. 

Ex. sec. 3^ I = (VI) is the external secant of the half ai*c. 

Versin. J^I = (PV) is the versed sine of the half arc. 

e = (TE) is the tangential ordinate of the (arc AE = le), at 
a distance, (AT) = w, from the initial tangent-point at A. 

0^ = (PY) = versin. }4^ ^ t^® middle ordinate, or ordinate 
of the chord, at half its length from A. 

(2) When the angle, I, or D, is a factor in any of the fol- 
lowing equations, it should be expressed in degrees and deci- 
mals, according to the rules of problem I. 

I = s.D. (1) 

Sin. J^I = l^A;-^r = ^.sin. J^D-r-lOO. (2) 

Co3.}41 = ^k-ht. (3) 

Tan. J^I = ^-^r = 2^sin. J^D-j-lOO. (4) 

Sin. >^D=100-4-2r=100 sin. >^I-f-*=100.tan. J^I-5-2 1. (5) 

Versin. I = r(l-cos. I) = 2r.sin.2J^I = 100 sin.« J^I-^sin. 
HJ). (6) 

Vers. (180*'- I) = r (1 + cos. 1=2 r.cos.2J^I=100.cos.«J^I-*- 
sm.3^D. (7) 

Sec. %l = r-i- COS. J^ I = ^ 4- sin. % I. (8) 

Ex. sec. I = sec. I — r. (9) 

r = 50-5-sin. }^D = i^A;-^sin. J^I = ^-f-tan. J^I. (10) 

A; = 2r. sin. 3^1 = 100 sin. 3^I-f-sin.}^D = 2^cos.}^I. (11) 

Z = r.Ix0.01745 = Ix0.87266-i-sin. J^D. (12) 

Log. of 0.01745 = 8.241877. Log. of 0.87266 = 9.940847. 

^ = 60tan.)^l-*-sin.}^D = r.tan. )^L (13) 
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Sin. le = ?i -^ r = 2 w.sin. J^D -f. 100. (14) 

e — r . versin. le = n. tan. J^ le = 50 vers, le -i- sin. J^ D. 

Qi^ = r .\ersin. J^I=100..versin. J^I-^2 sin. 3^D = J^A;.tan. 
3^' I = tang, ordinate for an abscissa equal to ^ k. (15) 

The ordinate at a distance, d, from the middle ordinate, is 
equal to the middle ordinate, o%, minus the tangential 
ordinate, for an abscissa equal to d, (16) 

3. Tangential ordinates, calculated by (14), for abscissas of 
from 5 to 100 feet, and for curvatures of from 1 to 15 degrees, 
are given in table 1. 

4. Chord Ordinates. — Middle ordinates may be calculated by 
(15) from table 1, also the ordinates at any distance, d, from 
the middle ordinate, if the chord, k, be calculated by (11). 

Example. Required the middle ordinate of a 10-degree 
curve, with a chord, h, equal to 100', also the ordinates at 
25', 50', 75', and 100' from the middle ordinate (see figure 32). 

Middle ordinate, ojjj = tan. ord., e, for an abscissa, n, of 50' 

= 2.18. 
Ord. for (e?=25') =o^ - tan. ord. for 25'= 2.18 -.55 = 1.63. 
Ord. for {d=m')=oi^ - tan. ord. for 50'= 2.18 -2.18 = 0.00. 
Ord. for ((?=75')=oj^- tan. ord. for 75'= 2.18-4.92= -2.74. 
Ord. for (cZ=100') = (?5i -tan. ord. for 100' = 2.18 -8.78 = 

-6.60. 

The two last ordinates are negative, and outside of the arc, 
and extend, from the chord, in an opposite direction to the 
middle ordinate. 



PROBLEM XIV. 

TANGENTIAL, CHORD, AND CURVE ORDINATES. 

Approximate Formulm, 

Tangential ordinates to cui'ves are measured at right angles 
to the tangent ; chord ordinates, at right angles to the chord ; 
and curve ordinates, from one curve to another, at right angles 
to the tangent of one of the curves. 

For short cliords, and angles such as occur in turn-outs 
from railroad-tracks, these ordinates may be determined by 
simple formula*, which, though not exact, suffice for all oases 
rising in practice. 
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The formukB of this problem axe b^»e4 upon the following 
propositions, of which all, except I. and ^f^,^^^e applicable 
only within certain limits of the chord and angles7 which are 
stated in the consideration of the different formulae: 

1. The middle ordinate of an arc is equal to the tangential 
ordinate for an abscissa equal to half the chord of the arc. 

II. The chord ordinate at a distance, d, from the middle or- 
dinate, is equal to the middle ordinate, less the tangential or- 
dinate for an abscissa equal to d, 

III. Tangential ordinates vary in direct proportion to the 
degree of the curve and the square of the abscissa. 

IV. The sum or difference of the tangential ordinates of 
two curves, with degrees. Da and D&, is equal to the tangen- 
tial ordinate of a curve with a degree equal to the sum or dif- 
ference of Da and D6, the abscissa being the same in each case. 
The same rule will apply to ordinates from chords of equal 
length. 

V. For small angles the cosines may be assumed equal to 
unity, and the sines and tangents to increase in direct propor- 
tion to the angles; and for angles not exceeding 20 degrees 
the sine of the half angle, J^ I, may be expressed in terms of 
the angle, I, by the following arithmetic equation : 

Sin. J^ I = I -^ (114.4 + .04 I). (1) 

2. The ta/ngential ordinates in table 1 are calculated by (14), 
problem XIII., and will serve to check the accuracy of the re- 
sult obtained from the approximate formulae. 

(Figures 29, 30, and 31.) T is the tangent-point, or t. p. ; 
(TE) = w, the common abscissa of the two curves TA and TB; 
le, the angle of the curve ; Da and Db, their degrees of curva- 
ture, and 6^ and e^ their ordinates at the distance, w, from the 
t. p. 

The curves and ordinates are in opposite directions in figure 
30, and in the same direction in figure 31, and, assuming the 
degree and ordinate of the curve through B to be positive, the 
degree and ordinate of the curve through A will be negative in 
figure 30, and positive in figure 31. 

e=.S8.T>.(n-i-100y=M.le.{n-^100), (2) 
(«3— 6j=ordinate for D=(D6- Da), =.88 . (D6-Da) . (n-t- 
100)^ (3) 
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When the main trcteJc is curved, and Da the degree of curva- 
ture, the middle ordinate, o'^, of the turn-out curve, is equal 
to the middle ordinate, oj^, from (7), for a straight track, plus 
or minus the middle ordinate of the main-track rail, from (5), 
and therefore, 

^^- W±.218Xl)aX()fc + 100)« ;--318XA; + 100X 
(F-S±DaXA;-hlOO). (7a) 

For the double sign in this equation use the plus sign for an 
inside, and the minus sign for an outside, turn-out. The side 
ordinates will be three-fourths of the middle ordinate. 

Example, Turn-out from a standard-gauge track: i=(g-'8) 
= 4.29» F= 7^ S = 1° 20"= 1.83^ (F^S) = 6" 40'=5.67''; 
(F + S) = 8° 20'= 8.33°. 

If the main track is straight : 

(7) 0^ = :^i.(F^ S)-i-(F+S)=(1.07).(5.67) -*- (8.88) = 0.73. 

If the main track is cun;ed, and the degree. Da, is 8*''22'= 
8.37°; 

(7) 0^ =.73 is the middle ordinate for a straight main track. 

(5) .29xDaX[t-5-(F+S)P=.29x8.37x(4.29-f.8.33)«=0.64, 
is the middle ordinate of the main-track ralL. 

/f„\ o' — \ ^-73+0.64=1.37 for an inside turn-out 
^ ' ^ ^"i 0.73-0.64=0.09 for an outside turn-out. 

These formula) apply to three-throw switches by making S= 
2S; to sidings by making S = 0, and to crossings by making 
the greater frog-angle equal to F, and the lesser to S, taking 
the values of * from table IX. problem XVIII. The midcllo 
ordinate of a rail of length, I, is equal to o'% XQ-*- kYl and, by 
the use of these formulae, it will never be necessary to deter- 
mine the degree, D6, of the turn-out curve for the purpose of 
bending the rail or laying off the cui-ve. 

4. Curve Oi'dinoites (figures 33 to 35). — In figure 38, the ordi- 
nates of the arc BF, from the chord, BF, may l)e determined 
in terms of F, S, and the distance, (AB) = **. If from 0/?, on 
the chord (BF), a perpendicular be let fall on AI at Qp, the 
^distance (Q;i?Op) is equal to (1 — j9).t, and the distance from 
^AI to the arc BF, on the line Up Op, is equal to the distance 
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from AI to the chord BF, plus the distance from that chord 
to the arc, which latter distance may, without appreciable 
error, be assumed equal to the chord ordinate Op. 

Representing the distance from Qp to the arc BP by the 
symbol q^, and taking the value of o^ from (6), the value of q^ 
is expressed by the following equation: 

^p=(l-i>).*+Op=(l-i?).(l+i?).i-i?.(l-i?)Xl.75.S.A;-^.100. (8) 

Making p equal to ^, J^, and ^, the side and middle cttrve 
ordinates will be as follows: 






% 



(9) 



These are the ordinates to the arc BF from the straight curve 
AI, for which the degree of curvature is zero. They are also 
the curve orditiates for a/ny pair of curves^ for which the dif- 
ference of the degrees of curvature is equal to the degree of cuT' 
vature of the arc BF, in figure 33, in which the degree of the 
curve through A is equal to zero. It is shown in proposition 
XV. that such is the case with each pair of curves through A 
and B, intersecting at the same angle, F, and therefore the 
formula will apply to the determination of the ordinates be- 
tween the intersecting rails of turn-outs from railroad-tracks, 
when the chord distance, A, to their intersection, and the 
switch-angle S, are known, or the frog and switch-angles, F 
and S. 

When these curve ordinates are known, the turn-out rail may 
be laid down by ordinates from the main-track rail, and the 
ordinates of the turn-out rail determined, without taking into 
consideration the degrees of curvature or whether the turi^-out 
is to the inside or outside. ^ 

Eooample 5. (AB)=i=4.29 is the distance, at the toe of the 
switch, between the main-track and turn-out rails; S=l° 20'; 
the angle, F, at which the two curves intersect, is T 00' ; the 
degree, Da, of the main-track curve is 10° 00', and the turn-out 
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is to the inside. By exact formulae the degree, Db, of the turn- 
out curve is 19° 36', and the distance between the intersecting 
rails, measured at right angles to the tangent line through A, 
at half the chord distance to the intersection, F, is equal to 
2.87. The distance by (9) is 2.86. 

The formulae of this problem are placed here for reference in 
the solution of succeeding problems, and will be intelligible 
only when the problems to which they refer are understood. 
For example of the application see table IX. problem XVlll. 



PROBLEM XV. 

COMPOUND ARCS, WITH REGULAKLY INCREASING DEGREES OF 

CURVATURE. 

In table XI. (A, B, and C), are shown alignments of curves, 
with degrees of curvature increasing at the rates of 1, 2, and 
3 degrees per quarter station. 

These tables are calculated, as in example 4, problem XI., 
by departures and latitudes, and give, opposite to each quarter 
station, the short chord from previous station, which is very 
nearly 25 feet; the deflection, Ko, from the initial tangent to 
the long chord ending at the station ; the length, k, of the Jong 
chord; the deflection, Kz, from the end of the long chord to 
the tangent at the terminal station; the total tangential deflec- 
tion, lo — Ko + Kz?, over the compound arc, and the offsets 
along, and at right angles to, the tangent through station 0. 

The curves may be run in by short chords of 25 feet, as in 
the case of circular curves, but the deflections, Ko and Kg, at 
the beginning and end of a long chord, are not equal. 

It will be more convenient, as a rule, to lay off, firet, the ex- 
tremities of the set of compound cur\'es, and the intermediate 
stations may then be put in, when convenient, either by chord 
deflections or by offsets from the tangent. The angles are 
given to fractions of a minute, and the distances to hundredths 
of a foot, but it will be sufficiently accurate to take the nearest 
minute and tenth. 

Example 1 . To change from a tangent to a 10-degreo cunre 
by curvatures increasing at the rate of two degrees to the quu^ 
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ter station, as in table B, deflect Ko=V 52' to the long chord 
ending at the E. C. C. 8°, at station 1.00; measure the chord, 
Jc = 100, and from its extremity deflect, K-s = 3° 08', to the 
terminal tangent through station 1. 

To change from a 10-degree curve to a tangent, measure the 
deflection, Kz = S° 08', to the long chord, from 1 to 0, and the 
deflection, Ko = 1° 52', from that chord to the tangent at sta- 
tion 0. 

In either case the deflection from the initial to the terminal 
tangent wiU be lo = Ko + Kgr = 5** 00'. 

To change from a 4 to a 10 degree curve, it would be neces- 
sary to run bdck to the beginning of the 2-degree curve at sta- 
tion 0, and then run in the curves, from 4 to 10 degrees, from 
the initial tangent-point at station 0. 

The change of curvature may be made by curves with de- 
grees increasing by one, two, or three degrees per quarter sta- 
tion, but the distance by table A will be three times the dis- 
tance by table C. 

3. Example 1 (figure 37). To substitute, at each t. p. of a 
located curve, a compound arc, and an intermediate, or middle, 
arc between their extremities. 

Case 1. When the initial point of the compound arc is at 
the extremity of the located curve, 

Tc is the long chord to the terminal point of the compound arc. 

Ko and Kz aro the deflections to, and from, the long chord, 
from the initial to the terminal tangent of the compound arc, 
and I = Ko -h Ks is the total tangential deflection over the 
arc. 

n and e are the offsets to the extremity of the Cong chords 
from the tangent through its initial point. 

I' is the angle, and D' the degree of curvature, of the located 
curve. 

i' = 100.sin. J^I'-^sin. J^D' is the chord of the located 
curve. 

1'"= *'— 2 A;.cos. Q4V-\- Ko) is the chord of the middle arc. 

1"= I'-f- 2 (Ko -h Kz) is the angle of the middle arc. • 

Sin. J^D'= 100. sin. f^^V-^i" gives the degree of curvature 
of the middle arc, and «"= F-f-D" the number of stations. 
For example, D'=10'' 00' is the degree, and I' =120*' 00' is 
the angle, of the located curve and it is required to substitute 
at each extremity of cui-ve a compound arc ending at E. C. C. 
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8°, and to determine the corresponding middle arc between the 
extremities of the compound arcs. 

By table B, the length of the chord terminating at station 
1.00 is 100.00; the deflection, Ko, to the chord, is V 52' 30"; 
the deflection, K2;, from the chord to the tangent at station 1 
is 3° 07' 80", and the tangential deflection over the compound 
arc is therefore equal to Ko + K2; = 5"* 00'. 

t'=100.sin. 3^1'-^ sin. J^D'= 993.7 is the chord of the lo- 
cated arc, 

%"- *"- 2^.cos. (KI'- Ko)= 888.0 is the chord of the mid- 
dle arc. 

Sin. (J^D''=5° 17' 80'')=(100. sin. J^F-i-r) is the sine of 
half the degree, 0)"= 10° 35'), of the middle arc, and «'= (I'-t- 
D "), equal to 10.39, is the number of stations. 

The alignment to be substituted is therefore as follows: 

One station of compound arc, tangential deflection 5** 00'. 

10.39 stations of a 10° 35' middle arc, tangential deflection 
110° 00'. 

One station of compound arc, tangential deflection 5* 00'. 

The number of stations is, therefore, 12.39, and the align- 
ment is lengthened 39 feet. 

Case 2. In the preceding ^jcample, the deflection, in 100 
feet, was equal to 10 degrees over the 10-degreo curve, and to 
5 degrees over the compound arc, and the loss of 10 degrees 
in the two compound arcs increased the degree of curvature of 
the middle arc by thirty-flve minutes, and for a shorter located 
curve the increase would have been still greater. If, however, 
there should be a suflicient length of tangent at the extremi- 
ties of the located curve, this increase of the degree of curva- 
ture may be obviated by commencing the compound arc a dis- 
tance hack on the tangent, to bo determined in the following 
manner: 

The deflection, Ko-fRa, over the compound arc, is 5 degrees 
in a distance, h, of 100 feet, while the same deflection is made 
on the lO-degree curve in 50 feet. Therefore, if the compound 
arc; he commenced at a distance, [k = (K<?+K2).100 -¥- D'=: 60] 
feet back of the t. p., the tangent of the compound arc at sta- 
tion 1.00 will be parallel to the tangent of the located curve 
50 feet beyond the t. p. and the relative position of the parallel 
tangent-points may be determined from their tangential ordi- 
nates in the following manner : 
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The offset to station 1.00 of the compound arc, at 100 feet 
from the initial point, which is 50 feet from the t. p. of the 
located curve, is 3.27. 

The tangential offset to the 10-degree curve, at 50 feet from 
the t. p., is 2.18, and therefore the parallel tangent-points are 
1.09 feet apart, measured at right angles to the tangent through 
the initial point of the compound arc, station 1.00 of that arc 
being on the inside. 

As, therefore, the curves are 1.09 feet apart, on a line 
making an angle of 5 degrees with their radial directions, the 
radius of the middle arc may be assumed to differ but one foot 
from the radius of the 10-degree curve, with which it therefore 
practically coincides. 



PROBLEM XVI. 

INTEESECTING CURVES — FIGURES 47 TO 63. 

(See table III, for formuloi, and proposiHo7i XIV, for 

demonstration.) 

Two curves from tangent-points, A and B, intersect at F. 
a is the radius, and Da the degree of curvature, of the curve 
through A, and Xa is the tangential deflection, over that curve, 
from A to F. 

b is the radius, and J)b the degree of curvature, of the curve 
through B, and Xb is the tangential deflection over that curve 
from F to B. 

F is the deflection from the terminal tangential direction of 
the arc AF to the initial tangential direction of the arc FB, 
and the algebraic sum, Xa + F + Xb, of these three deflec- 
tions, is equal to the deflection I from the tangent through A 
to the tangent through B. 

(AB) = i is the distance between the points A and B, and 
A' is the greater, and B' the lesser, of the acute angles between 
AB and the tangents through A and B. 

I is the deflection from> the tangent through A to the tan- 
gent through B, over the curves produced to contact with thtir 
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common ta^igent, and is determined by the rules of problem V. 
in the following manner: I will be equal either to (A'-i-B'), or 
to 180°—- (A'+ B'), when the tangents intersect as in figure 7, 
and to (A'- B'), or to 180°- (A'— B'), when they intersect as 
in figure 7a. By problem V., I will be equal to (A' ± B') when 
the centres of the curves are on the same side of AH, and to 
180°— (A' ± B) when they are on opposite sides. 

The deflection, F, from the terminal tangent of the arc AP 
to the initial tangent of the arc FB may be so made as to be 
equal either to tlie acute angle ±F' or to the obtuse angle T 
(180°— F'), but in the application of this problem F must have 
the value which mil make the algebraic sum, (Xa-j-F-j-XJ), 
equal to I, as more fully explained in problem VI. The values 
of I and F, for different forms of curves, are given in the for- 
mulae of table III., and also in problem VI. 

The only diflBculty in the application of the formulaB is to 
determine the sign of F, and whether it is acute and equal to 
F', or obtuse and equal to 180°— F'; and both of these points 
may be determined by mspection of the figure, according to 
the rules of problem VI. In this connection, it is also to be 
observed that the curves intersect at two points, correspond- 
ing to the positions of the pair of equal tangents, and there- 
fore, while a change of the sign of F in the formulae will 
change the values of Xa and X6, it will not affect the values 
of the radii. In figure 49, for instance, the radius, b, is infi- 
nite ; the curve through B coincides with the tangent HI and 
the deflection Xb = 0. 

Estimating the deflections from the tangential direction AI, 
and the right as positive, for the right-hand crossing I = 
AI.BI= -(A'-B'); the deflection, Xa, from AI to the ter- 
minal tangent at F, is to the rights and the deflection /r-owt 
that tangent to BI is to the lefty and therefore Xa — F-j- X6= 
-(A'— B), and Xa -f- Xi = X = (F- 1). 

For the left-hand crossing Xa and F are to the left, and 
therefore - Xa - F = -I, and Xa = (I -f- F). 

The angle between the chords AF and (FH), as explainM 
in problem VIII., will be J^ (I+F) for the right, and ^ (I— F) 
for the left-hand crossing; and as the same rule will apply, 
whatever may be the radii of the curves, the solution of th« 
problem is based upon the following propositions. 

Let (X = Xa -i- Xb) be the algebraic sum of the defijectiooB 
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over the arcs AF and PB, atid K the angle between the chords 
AF and FB. -^ 

X = Xa-f-X6 = (I-F). (1) K=i^(I-|-F). (2) 

This difference or sum is algebraic^ and the sign of F may 
be changed, hut the signs in (1) cmd (2) toill he cUtvays different. 

The forinulae for sidings, crossings, and turn-outs from rail- 
road-tracks are deduced from the formulae of this problem by 
making I equal to the switch-angle, and F to the frog-angle; 
and the formul© for compound and reversed curves, in table 
X., problem XXIT., by making F equal to zero or to 180°. 

2. The solution by construction is based on the following 
proposition, which is exemplified in figure 47: 

If ¥ is the intersection of any pair of curves through A amt 
B; I tJie deflection hetween the tangents through A and B, 
intersecting at I; and F ths deflection hetween the ta/ngents 
crossing at F, the intersection of the curves will he on the 
circumference of a circle, ABF, of which the radius, r, is equal 
toYii^ sin. J^ (I -f- F). 

The angle }^(I + F) is the apgle between the -chords, and 
is determined by the rules qf the preceding article and by 
formula (2) ; and if is the centre, and r the radius, of the 
circle ABF, and o = (MO) the perpendicular distance to O 
from the middle of (A B), 

r = J^*-*-sin. J^(H-F). (3) 

o = J^*.cot. J^(l-l-F) = r.cos. J^(I-f-F). (4) 

If, therefore, one of the curves, as AF, is located, its inter- 
section by a second curve, BF, at an angle F, is determined by 
measuring, from the middle of (AB) to 0, the perpendicular 
distance o, and from 0, as a centre, cutting the located curve 
with a radius r. This rule will apply to any pair of crossing 
or turn-out curves, and also to compound and reversed curves, 
by making F equal to or 180°, noting that when (I -h F) is 
equal to lgb° - (A' ±B' -h F), the sine of J^ (I + F) is equal to 
COS. }4(A±B' + ¥). 

In the application of these formulae to turn-outs from rail- 
road-tracks, the curves should be those of the intersecting rails; 
or if the centre lines of the tracks are to be laid off, the tamgent- 
point should be at a distaiipe of half the gauge from the frog- 
point, F. 
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For application to the construction of diagrams for turn- 
outs from switches, see problem XVIII., art. 2 (PI. 14). 

Example 1 (figure 47). AFa and F&H are the tangents 
to a main track and turn-out for a car-house, of which B is the 
entrance. (AB) = i = 100' ; BAFa = A' = 90° ; ABFb = B' 
= 85°, and the turn-out is to be made with a No. 7 frog 
(angle 8° 10' = F). 

I = (A' - B') = 90° - 85° = 5° 00'. 

r = i^i^ sin. 1^ (I + F) = 50 H- sin. 6° 35' = 436.1. 

= ^ i.coU 1^ (I + F) = 50. cot. 6° 35' = 433.2. 

It will be seen that the values of r and o are independent of 
the values of the radii, and of the direction of the turn-out, 
whether to inside or outside. 

From BF, when determined, the tracks may be laid off for 
other tracks in the same manner, observing that, if the tan- 
gents through A and B are parallel, and at right angles to 
AB, I is equal to zero, and r to J^* -;- sin. J^F. 

In the cases of crossings and turn-outs from switches, r may 
be measured with a tape-line ; but if, as in the case under con- 
sideration, the distance, r, is too great to be described by a 
tape or chain, measure the distance, 2xo, along AF, to a point, 
F, and also the distance (OF). If this distance, (OF), is not 
equal to r, change the position of F to make it equal. 

3. Formulce (figure 47). Two curves, through A and B, with 
radii, a and ft, intersect on the circumference of the circle 
AFB, with radius, r = }4i-i- sin. K (I + F). 

The sides of the inscribed triangle AFB are, A;^= (AF) = 
chord of arc AF; A^b = (FB)=chord of arc BF, and t=(AB) 
= distance from A to B. 

As 3^ Xri is the deflection from tangent AI to chord AF, and 
J^ Xb the deflection from tangent BI to chonl BF, if A and 
B are the interior angles of the triangle A IB, the angles of the 
triangle AFB will be : 

BAF=A+3^^Xa, when curve through A is convex to AB« 
" A-3^Xa, ** ** ** concave " 

ABF= B + X6, when curve through B is convex to AB« [ (5) 
'' B — X6, ** *• ** concave " 

AFB=:K=i^(I + F). 

Oa and 0& are the angles, at F, between the tangent of the 
ircle AFB and the tangents of the arcs AF and BF. These 
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angles are constant for every intersection of the arcs on the cir- 
cumference AFB, whatever may be the vahies of the radii, a 
and by and Oa is therefor^ equal to the angle between the tan- 
gent of the circle AFB and the straight arc AI, for which the 
radius, a, is infinite ; and Ob to the angle between the tangent 
of the circle AFB, and the straight arc, BI, with radius, 6, 
equal to infinity. 

The three angles, K, Oa, and 06, are each equal to the sums 
or differences of the angles A', B', and F, and differ only in 
the signs of the terms, which may be determined by the follow- 
ing equations, observing that A' represents the greater of the 
two acute angles A' and B', and that J^ (I + F) is the angle, 
K, between the chords, determined by (2). 

1^ (I -h F) = K= 1^ (A' ± B' ± F) when T = (A' ± B'). 
1^ (I + F) = K = 90° -3^ (A'±B'±F) when I = 180°- \ (6) 
(A'±B'). 

Oa, or 180° -Oa, = J^ (A'T B' ± F) when I = (A'± B'). 
Oa, or 180°-Oa, = W-% (A' T B' ± F) when I =180° \ (7) 
- (A' ± B'). 

0&, or 180° -0b, = }4 (A' T B' T F) when I = (A' ± B'). 1 
Ob, or 180° - 06, = 90° -H (A' T B' qp F) when 1=180° \ (8) 
-(A' ± B'). J 

It will be seen that 0& differs from J^ (I -|- F) in the signs of 
B' and F, and from Oa in the sign of F only. (7) and (8) do 
not determine whether the second members of the equations 
are equal to Oa and 06, or to their supplements. 

From these relations between the sides and angles of the 
triangle AFB the following formulaB are deduced: 

cot. %^a = a-^r . sin. Oa ± cot . Oa . ) /gx 

cot. %'K.b —h -5-r . sin. 06 ± cot. 06. S 

i^X6 = (T-F)Tj^Xa. J^Xa = (I-F)T>iX6. (10) 

6=r. sin. (A'±3^Xa)-r-sin. % X6. a=r.sin. (B'± J^X6) ) ^^^^ 
H- sin. % Xa. i 

/.•, = 2 a. sin. J^ Xa = 2 r . sin. (B' ± }^X6). ) .^2) 

7.b = 26. sin. }4Xb=:2r. sin. (A' ± i^ Xa). ) ^ ^ 
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In (9), cot. Oa or cot. 06 is + for convex curves through A 
or B, and — for concave curves. 

In (10), the signs can be obtained from the algebraic sum, 
Xa -f- P + X6 = I, determined, for the particular curves under 
consideration, by the rules of problem VI. The signs of F 
in (6) and (10) will be different. 

In (11), Xa or Xb will be -f- for convex curves through A or 
B, atid — for concave curves. 

To these rules there are exceptions, explained in proposi- 
tion XIV. 

The proper signs for such cases as are likely to occur in 
practice are given in the formulae of table III., in terms of the 
acute angles A', B', and F', with reference to a correspond- 
ing figure in each case. The terms in these formulae are so 
arranged as to give positive results for the form of curves 
represented in the figure to which reference is made. Should 
the result be negative, adopt the formula giving positive 
results for the given quantities, or change the values of the 
quantities so that the result may be positive. 

4. Fo7'mulcB deduced from Pi'oblem XX VI^ — The relations 
between the values of the radii, a and 6, are also expressed by 
the following formulae, derived from (1), problem XXVI. (see 
article 11, proposition XVI.), by making t equal to zero, and 
substituting (vers. I — vers. F) for vers. I. The values of the 
angles and chords might also be obtained from the formulae of 
problem XXIV., but may be better determined by the formula) 
of the preceding article. 

a={-{-l4i±b. sin. B')-j-[Tsin. A'— (vers. I— vers. F).J-i-t] ) x.^v 
J=:(H-i^i±a.sin. A')^[T sin. B'— (vers. I— vers. F).a-i-f] ) 

The signs of the terms in these equations are determined by 
the following rules : 

For the double sign prefixed to a term containing sin. A' or 
sin. B', substitute the upper sign when the curve through A or 
B is convex to AB, and the lower when it is concave. 

The sign prefixed to (vers. I— vers. F) is minus, but when 
vei*s. F is greater than vers, I the difference is negative, and 
the sign prefixed must be changed. 

For (vers. I — vers. F) may be substituted (cos. F— cos. I), 
but it is to be noted that the cosine of an obtuse angle is n^;»> 
tive. 
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The values of F in any particular case, whether F', or 180° 
— F', maybe taken from table III., observing that vers. (180**— 
F') is equal to (H-tTos. F'), and vers. [180°- (A'± B')] to [1 + 
COS. (A'±B')]. See formula (7), problem XIII. 

The solution will be possible for aU values of the radii which 
give like signs to the numerator and denominator, and impos- 
sible for Values giving unlike signs. 

In the following equations, the signs of all the terms are re- 
versed, from the rule given above, to provide for the cases in 
which the departure, a sin. A', or h sin. B', is greater than }^t, 
as in the case of turn-outs from railroad-tracks. 

When A'=B'=90'*, 1 = 0, and one curve will be concave, 
and tlie other convex, when the centres are on the same side 
of AB, as in the case of a turn-out to the inside (figure 50^^); 
and botli curves concave wlien the centres are on different 
sides, as in the case of a turn-out to the outside (figure 50J^; 
and if 6 is the concave curve, in both cases, 

a = (H-6 — J^*)-i-(±l q: vers. F.& -^^). ) .^^. 
J = (-f-a ± J^i) -s- (±1 T vers. F.a -«-t). ) 

Use upper sign when the centres are on the same side of AB« 
" lower ** " ** different sides " 

When one of the curves, as that through A, is a straight line, 
the radius, a, is infinite, and the denominator of (13a) must, 
therefore, be infinite, giving the following value for b : 

h=i sin. A'-f-(vers. I— vers, F)=i sin. A'-f-(cos. F— cos. I). (15) 

If also, as in (14), A'= B'= 90% 

b = i-^ vers. F. (16) 

When a and b are given, F may be determined by the foU(yuy 
ing formula, derived from (13) : 

Vers. F = vers. I-f-i(+}^i±a.sin. A'±&.sin. B')-3-a.6. ) z^,^ 
Cos. F = COS. I - % (H-i^t ± a. sin. A' ± 6. sin. B')-f- a.b,) ^ ^ 

The signs of the terms in these equations are to be deter- 
mined as in (13), viz. : 

a sin. A, or b sin. B, is + for convex curves through A or B. 
tt « « __ u concave " " " 
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When I = 180° -(A' ± B'), cos. I = - cos. (A' ± B'), and 
vers. 1 = 1+ COS. (A' ± B) ; and, conversely, when the result- 
ing value of vers. F is greater than unity, or when the cosine 
is negative, F will be obtuse, and equal to 180°— F'. 

(Figure 91.) When A' = B' = I = 0, (AB) is the common 
tangent to the two circles, and Xa and Xb are the tangential 
deflections from its extremities to the intersection, F, of tlie 
arcs. 

Representing this value of i by t, and Xa and X6 Jvy Fa 
and FJ, the following equations may be derived from (17) 
and (9): 



id (9): 

}4 t=sm. 3^ ¥,^ah. cot. J^ Fa=d -5- }4 / + cot. J^ 
cot. i4Fb = b-i-}4t + cot. ^ F. (18) 



F. 



5. Examples, AF (figure 61 j^) is the curve of the rail of 
a railroad-track, and B a tangent-point on the rail of another 
track, which is to be connected with the rail AF by means of 
a frog of angle (F = 7°) ; AF is a 2-degree curve, (rad. a = 
2,865), (AB) = * = 50; angle BAI= A'= 86° 00' ; angle ABI = 
B'=76°00'; curve through A convex, and curve through B 
concave, to AB. 

It is required to find the radius, &, of a curve which will 
intersect the rail AF at the given frog-angle, and also the 
distance, (AF) = A;^, from the point A to the frog. 

As the triangle A IB, formed by the tangents through A and 
B and the line AB, has one of the interior angles obtuse, by 
problem V. I must be equal either to (A'— B') or to 180°— 
(A'— B'), and, as the centres of the curves are on tlie same side 
of AB, it will be equal to (A'— B'). The radius, b, and the 
chord distance, Jc^y may therefore be calculated, as follows, 
from the formula of table III. for figure 61}^ : 

Radius, (a=2,865) log. 8.457115 

Sin. [1^ [A'-(B'-F)]=:8° 30'].... ** 9.160702 

2.02G817 

i^(AB)=^t=25 log. 1.097940 " 

Sin. [i^[A'+(B'~F)]=:77°30']... " 9.989582** 1.887622 

17.350 " 1.289295 
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Cot. C^ Xa = 3" 150 = 17.350 + cot. 77° 30' = 17.572. 
(^X& = r 45') = 3^Xa-J^[A'-(B' + F)] = 
30 15'_ j^ (86° 00'-83° 00'). 

^i = 25' log. 1.397940 

Sin. (A'-i^ Xa=S2° 45') " 9,996514 

" 1.394454 

Sin. (l4Xh=r 45') log. 8.484848 

Sin. m [A'-(B'-F)]=8° 30']. ... '* 9.169702 " 7.654550 

Radius (&=5,483) " 3.739004 

Chord (AF=yfc^=324.8)=2.a.sin. ^ Xa. 

The radius, b, may also be determined by (13), as follows : 

h—f^ 4.7q— i [K*+^-sin. A']-H[+sin. B'— (cos. F— cos.I).a-i-i] 
' \ [25+2,758]H-[+.9703-(.9926-.9848)X2,865-^50] 

As a difference of 88' in the value of the radii corresponds to 
a difference of one minute in the degrees of curvature, the 
difference of 10' in the calculated values of b by the two 
methods is of no importance, and arises from neglecting the 
fractions of minutes in the computations. When, as in the 
case under consideration, i is small, and the frog distances 
nearly equal, t.cot. }^ (I+F)=334.5 is nearly equal to k^. 

Example 2. (figure 61). A and B, on the outer rail of a 10- 
degree curve of 5 stations, are the extremities of a chord, 
(AB)=t=484.9. At these points the two branches of a '* Y" 
turn out from the track by means of 8° 10' frogs, so that 
the deflections irom the chord AB are, 25° to the tangents 
of the lO-degree curve, and 33° 10'=A'=B' to the frog- 
tangents. It is required that the radii of the two branches of 
the •' Y " shall be equal, and that they shall intersect at an 
angle of 8° 10', so as to connect by a No. 7 frog. 

As both of the interior angles, at A and B, of the triangle 
AIB are acute, by problem V. I must be equal either to 
(A'+B) or to 180°— (A'-f-B'); and as the centres are on the 
same side of AB, I is equal to (A'-|-B')=66° 20'; and as both 
curves are convex to AB, the formulas are those in table III. 
corresponding to figure 55 J^. 

As A' and B', and the radii a and b, are equal, Xa and Xb 
are also equal, and may be found by equating the values of Xa 
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and Xb in the formulaB of table III., or in the following 

manner : 

Problem VI. (1). Xa + F + X6 = I, and therefore 3 Xa = 2 X& 

= I-F. 

By table III., figure 553^, F=180°-F'=171° 50', and therefore 
Xa=X6=>^ (I_F)=3^ (6(5° 20'-171° 50')=-52° 45'. 

Having the value of (Xa=X6), the radius may be calculated 
by the formula for a or h, in the table, as follows: 

ii (AB)=K ^'=242.5 log. 2.384533 

Sin. (A'+3^ Xa)=59° 32' " 9.935500 

" 2.320003 

Sin. (1^ X&=26° 22') log. 9.647600 

Cos. [i^(A'+B'-F)=29°05'].... " 9.941469 " 9.589067 

Radius (&=538.2), degree of cur- 
vature, lOMO' " 2.730964 

Sin. (1^ Xa=26'' 22') " 9.647600 

2 " 0.301030 

Chord (AF) = (BF)=478.2=2.r. 

sin. >^Xa " 2.679594 

The number of stations in each branch will therefore be 
equal to X« divided by the degree of curvature, or to 4.96, and 
from the intersection, F, of the rails, the curves must be those 
for a switch turn-out for an 8° 10' frog. 



PROBLEM XVII. 

CONNECTION OF CURVES BY TANGENT ARCS. 

(Figure 04.) Two curves, with radii, a and &, intersect at 
an angle, F. It is required to determine : (I.) The length, /, 
of the common tangent, and the positions of its extremities, 
Ta and T6, with reference to the intersection, F, of the two 
curves. (II.) The radius, r, of an arc timgent to the two 
curves, from a tangent-point on one at a given angular di»> 



I 
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tance from the extremity, Ta or Tb, of the common tangent. 
(III.) The points of contact with the two curves, of a tangent 
arc of given radius, r. 

(I.) t is the length of the common tangent ; F is the angle 
between the tangents of the intersecting curves, and Fa and 
F6 are tangential deflections over the crossing arcs from F to 
the extremities. To and Tb, of the common tangent. 

Problem XVI. (18). }4 t=sin. % F. ^aJ, cot. }4 Fa= ) ,.. 
cot. % F-f-a-^J^ t. cot. }4Fb = cot. t^Y + b-i-}4t.) ^ ^ 

Example. a=1528.3=radius of a 3° 45' curve. 6=996.9= 
radius of a 5° 45' curve, and F=19° 07'. 

a=1528.2 log. 3.184169 

J=996.9 " 2.998637 

a.b " 6.182806 ^oT? log. 3.091403 

sin. (3^F=9** 33' 30') " 9.220162 

K<=204.9 " 2.311565 

cot. Q4Fa=r 16')=cot. J^F+a-f-}^/=13.398. 
cot. 04 F&=5° ir)=cot. ^ ¥+b-^% ^=10.805. 

(II.) a represents the greater of the two radii, a and b ; la 
and lb are the tangential deflections from the points of contact 
of the tangent arc with the cui-ves, to the extremities of the 
common tangent, and I=IaH-I6 is the angle of the tangent 
arc. 

The tangent, / ; the radii, a and &, and one of the deflec- 
tions, la or I&, are given, to find the other, and the radius, r, 
of the tangent arc. 

Cot. % I*= cot. % Ia±(a— &)-5-J^ t cot. J^ la = cot. J^ 16 T= 
{a-b)-^%t (2) 

I=Ia+I6. 

[a±{% t^sm. K I) X (sin. % I&-s-sin. J^ la). ) .^a) 
\b±{% /^sin. 1^ I) -4- (sin. % I6-f-sin. % la). ) ^ -^ 

For the double sign prefixed to any term substitute the 
upper sign when the tangent arc is on the outside of the curves, 
as in figure 64, and the lower sign when it is on the inside, as 
in figure 64J^. 

Examples, a = 1528.2 ; & = 996.9, and t = 409.8. 
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The tangent curve starts from A, at an angular distance, 
(la = 49° 40'), from the extremity, Ta, of the common tan- 
gent. 

Required the radius, r, of the tangent arc, and the angular 
distance, I&, of its point of contact from the extremity, T6, of 
the tangent. 

Cot. {%lh=ir 53') = cot. %\a + (a-&)-^3^^=2.593 + 2.161 = 
4.754. 

1^^=204.9 log. 2.311565 

Sin. (i^I=i^Ia+3^I6=36°43').. " 9.776570 

Sin. (1^16= 11° 53') log. 9.313498 ) " 2.534995 

Sin. (KI^i= 24° 50') ** 9.623229 ) " 9.690269 

3.^=168.1 " 2.225264 

a^= 699.4 " 2.844726 

r = a + x^= h + Q^= 1696.3. 

(III.) Given /, a, and h ; required the angular distances, la 
and 16, from the extremities of the tangent, to the points of 
contact of the carves with a tangent arc of given radius, r. 

r must be either greater or less than both a and h: greater 
when tlie tangent arc is on the outside of the curves, and less 
wlien it is on the inside. 



Sin. }a = y2t^ ^{r-a) . (7--6). 
■ Cot. }.aa=cot. yz\Hr-a)-^%t. )4lh=%l-}{la. \ (3) 
Cot. }ilh =Goi. y^l+(r-b)-^yj. }ila=%l-%lh. 

Example. a=1528.2; 6=996.9; /=409.8; required the angu- 
lar distances, la and 16, from the extremities, Ta and T6, of 
the common tangent, to the points of contact, A and B, of the 
two curves, with a three-degree, (r = 1910.1), tangent arc. 

(r-a)=381.9 log. 2.581950 

(r-6)=913.2 " 2.960566 

(r-a).(r-6) 



^{r—a).{r—h). (Deduct from log. of }^t below). 



1^^=204.91 



Sin. (1^1=20° 18') 

Cot. (KI6=7'' 57')=cot. i^I+(r-6)+i^/=7.1604. 
KIa=i^I-KI&=12°21'. 



5.542516 

2.771268 
2.311505 

9.S40807 
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(IV.) If it is required that the tangent arcs shall start from 
points, A and B, at given angular distances from To and Tb, 
there will be two branches of the arcs, and the tangent at the 
point of compound curvature will be parallel to the tangent 
(TaT&), as in figure 64)^. 

If r^ is the radius of the tangent arc through A, and r^ the 
radius of the tangent arc through B, the distances, x^ and a^, 
by which the radii, a and b, must be increased, are determined 
by the following formulflB: 

a^^=[Ht+sm. (>^Ia+ J^6)]X(sin. J^B-!-sin. ^a). \ 
rrb=[J^jf-5-sin. (J^Ia+ J^I6)]-^(sm. J^tt+sin. J^Ia). [ (4) 

In these equations, a is the greater radius; and if (^=0) is a 
point, a tangent may be inserted by subtracting x^ and jc^, in- 
stead of adding. 

Example. 11 a = 1,300, b = 1,000, t = 100, la = 30% and 16 
= 20^ 
x^='79A, aH,= 176.3. r^=a-f-a;^= 1379.4 r^=b+Xy,=ll'7e.S. 



PROBLEM XVIII. 

TURN-OUTS, SIDINOS, AND CROSSINGS FROM RAILROAD-TRACES. 

{For demonstration see proposition XV.) 

1. Turn-outs (figure 59). — A^ is a radial line across the 
points, or ends, of a pair of switch-rails on the main track of 
a railroad. 

B is the initial point of the turn-out rail which crosses the 
main-track rail at a point F. To connect the main and turn- 
out tracks, the point, S, of the switch-rail, HS, is sprung from 
StoB. 

The distance, (SB), is called the throw of the switch, and 
represented by the letter 5. The radial line, ABS, is pei-pen- 
dicular to the track-tangent at S, but when the point of the 
switch moves to B the switch-tangent changes direction by an 
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• 

angle, S, called the switch-angle, and makes an angle, (B'= 
90°— S), with the radial line, A B, with which the track-tan- 
gent at A makes an angle, (A' =90°), 

By the greater portion of the authorities on this subject, as 
Henck, Trau twine, and others, the switch-rail is supposed to 
turn, without bending, on the heel at II, and, when the main 
track is straight, the switch-angle is the angle BUS of the tri- 
angle BHS, of which the switch-rail is the base, and the throw 
the perpendicular, as shown in figure 66}^. When, as in fig- 
ure 66, the track is on a curve, the switch-rail turns on the heel 
without change of curvature, compounding with the turn-out 
curve when the turn-out is to the inside, and reversing when it 
is to the outside, so that the switch-angle, or change of tangen- 
tial direction in moving to the switch-tangent, is the same as 
when the track is straight. In some of the switch formulae the 
rail is suppotsed to bend on a circular curve, which would dou- 
ble the value of the switch-angle based upon the first assump- 
tion of a straiglit rail. In other formulae, as in those of Searle, 
the switch-rail is supposed to bend on the curves of the turn- 
out curves, whatever may be the radii. None of these condi- 
tions are realized in practice, but the assumption of a switch- 
rail bending on a circular curve will be found to be the most 
coiTect, as the rail never turns on the heel without bending at 
all, and it is possible by making the movable portion of the 
proper length to have it bend, approximately at least, on any 
rcciuired degree of curvature. 

There is no need of scrupulous accuracy in switch formula*, 
but an error of one degree in the assumed value of the switch- 
angle may result in an error of two degrees in the degree of the 
turn-out curve, which is beyond the limits of allowable error. 
It is for this reason that an experienced trackman will often 
find it necessary to revise the angles and distances given from 
the forniuhe in ordinary use, in which, although approximate, 
and correct, at best, only for straight tracks, the degrees <»f 
curs'ature are calculated to the nearest minute, and the frog 
distances and ordinates to the nearest fraction of the thou- 
sandth part of a f(K)t. 

In the formuLT of this problem, the angle, B', between AB 
and the switch-tangent, is equal to 90 degrees minus the 
switch-angle, whatever it may be. The least value of this 
angle, in tenns of the length, /, of the switch-rail, is given by 
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the following equations, the latter of which is approximate, 
but suffidiently accurate for all purposes. The maximum value 
is double the value resulting from the equations. 

Sin. S = a -f- /. S=57.a -s- 1 =, (when 8 =.42), to 24 -^ Z. (1) 

Frogs (figure 65). — ^The crossing of the main track and turn- 
out rail is made by means of a triangular frame called a 
frog. 

The angle, AFB, between the sides, is the frog-angle, F, and 
the number, 7i, of the frog is the ratio of the perpendicular dis- 
tance, (FP) (from point to base), to the width, (AB), of the 
base. The relation between the frog-angle and number is ex- 
pressed by the following equations, the latter of which is ap- 
proximate, but sufl&ciently accurate for all purposes: 

n=3^ cot. 3^F=r57.2-^F. F=57.2-^w. (2) 

For angles coiTesponding to different frog numbers, see table 
VIIT. 

The gauge, g, of the track is the distance between the insides 
of the rails, and the distance, t, from A to B, is equal to {g—s), 
AF is the main-track rail, and BF the turn-out rail which 
crosses it. A is the radius, and Da the degree of curvature, of 
the main-track rail curve, and 6 the radius, and D& the degree, 
of the turn-out rail, FB. The turn-out is to the inside when to 
the concave side 6t the main track, as for the rails crossing at 
Fi, figure 59, and to the outside for the curves crossing at Fa 
and Fa. The main-track rail, AF, is convex to AB when the 
turn-out is to the inside, and concave when it is to the outside. 
Tiie turn-out rail, BF, is concave to AB when the turn-out is 
to tiie inside, and may be either concave or convex when the 
turn-out is to the outside, as in the case of the rail-cuiTes 
BFa and BF3. 

The chords of the arcs, AF and BF, are called the frog-dis- 
tances, and represented by the letters k^ and A^. For conve- 
nience of reference the symbols described above will be reca- 
pitulated : 

AF is the curve of the main-track rail, a the radius, Da the 
degree, and {AW)=Jc^ the chord, or frog, distance from A. 
BF is the curve of the turn-out rail cutting AF at F ; 6 is the 
radius, D& the degree, and (BF)=A^ the chord, or frog, dis- 
tance from B. 
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(AB) = (g—s) is the distance from A to B, and F and S are 
the frog and switch angles. *, S, F, and Da are generally- 
given, to determine the frog-distances and the degree, Db, of 
the turn-out curve. 

2. Solution by Diagram, — The position of the frog, when 
the track is located, may be determined by the following me- 
thod: From the middle of ( A B) measure, parallel to the track- 
tangent, the distance, 0=}^, (g—s), cot. 3^(F+S), to a point, O. 
From O as a centre, with a radius, r, equal to 3^ (^ — «) -r- sin. 
/2 (P+S), describe a circle cutting the main-track rail at a point 
F. This will be the position of the frog, whatever may be the 
curvature of the track, or whether the turn-out is to the inside 
or outside. The same method is applicable in the case of dou- 
ble switches, sidings, and crossings, substituting for (g—s) and 
(F+S), (c—g) and F in the case of sidings; (c—2g) and ¥a-\-Fb 
in the case of crossings; and {g—2 s) and (F+2 S) in the case 
of double or three-throw switches, as more particularly ex- 
plained under those heads. 

Construction of Diagram for Turn-outs. (Plate 14). — The dia- 
gram may be commenced thirty or forty feet from the end, or 
toe, of the switch-rail, as there will be no intersections in that 
distance for a single switch on a standard gauge. A section 
only of the diagram is shown in the figure, commencing 50 feet 
from the toe of the switch. AI is the main-track or tangent 
rail when the track is straight. The curses from A I, as a 
tangent, above and below, are the rails of the main track for 
turn-outs to the outside and inside, the lower curves corre- 
sponding to turn-outs to the inside. These curves are platted 
by tangential ordinates from table 1. The radii are equal to 
the radii of the centre lines of the track, plus 3^ ^r when the 
turn-out is to the outside, and minus 'jy^g when it is to the 
inside. 

They may, without appreciable error, be assumed equal to 
the radii of the centre lines. 

The circles cutting these rail-curves are frog-circles of de- 
grees, or angles, marked at their upper extremities. The cen- 
tres of tliese circles are on the line MO, parallel to AI, at 
a distance equal to }^ (f/—s), which is equal to 2.145 for a 
gauge of four feet eight and a half inches and a throw of five 
inches. 

The scale on the line AI is platted from A as the initial 
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point, and from this scale the distances may also be measured 
on the line MO, as M and A are both on the radial line A U 
across the ends of the switch-rails. The distance, o, from M to 
the cer.'ie of a frog-circle of which is the angle, is equal to 
}{{g—s). cot, J^O, and the radius of the circle is [r='^(g—8)-^ 
sin. 3^ 0]. <? is equal to half the frog-distance (AF), and r to 
half the frog-distance (BF), given in tables IV., V., VI., 
VII., and VIII., for values of P corresponding to 0, in the 
case of single and double switches, for standard and narrow 
gauges, and sidings with 10 feet between the intersecting rails. 
As each circle cuts the line MO at a distance, o-i-r^ from M, 
they may be platted by laying off that distance from the tables, 
and plattiug the circles by means of the following table of tan- 
gential ordinates from a tangent perpendicular to MO. 



r 


n 


Ordinates at proportional parts of m. 


Xn 


Hn 


Hn 


n 


iX« 


^Vin 


5° 
40 
30 
20 
10 


10 
8 
6 

4 

2 


.06 
.05 
.04 
.02 
.01 


.25 
.20 

• IS 
.10 

•05 


•57 
.46 

•34 
•23 
.12 


1.01 
.81 
.61 
.40 
.20 


1-59 
1.27 

.96 

.64 

•32 


2.30 

1.84 

1.38 
.92 

.46 



To plat any circle, as that with radius 50, draw a perpendi- 
cular to MO, at the point at which it is cut by the circle, and 
at one-fourth, one-half, three-fourths, etc., of the distance 
w=10', draw the ordinates to the circle given in the table, for 
those proportional parts of n. For radii intermediate to those 
given in the table the ordinates may be calculated by simple 
proportion. The ordinate, e, for abscissas, w, small in propor- 
tion to the radius, may be calculated by the formula, e = 
.51 .n^-i-r. 

The ordinate at the distance n is the middle ordinate of a 
chord of length 2n. 

If F and S are the frog and switch angles, the position of the 
frog is found by following the frog-circle of angle, (F -i- S), to 
the intersection with the rail-curve, above AI when the turn- 
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out is lo tlie uatsido, und below Al when the turn-out is to the 
insido. 

If, for example, P = T" 00', S = 1° 30', Da = 8° S3', and (he 
turn-out is to the inside, the frog will be at the inLei'sec-lioc of 
the (F+S)=8° 30' froy-circle, with the 8° S3' rail-curve below 
Al, «t a distanoe of 50.05 tvotn A by scale. When the frog' is 
at a perpendicular distance, (FP) =p, above or below tlie tun- 
Kent A I, read the tangent distance (A P) from the scale on 
Al, and aild, for tlie dislancc on the hypotliciiuse, (AP), Hie 
correction, c, corrcstio tiding to (AP)and (PF}in the following 
t«blQ: 

TaMe P, of correetiona, e, lo be added to Ihe base (AP) to ob- 
tain the hypolhenuse (AF)=A;,, tehen the perpendicular 
{WP) = p is given. 



tPF>=/ 


lAPl 


T= 


„ 


" 


^ 


70 


80 


9C 


™ 


■ 








-=4 


z 


.18 
,j6 


■40 

■ i" 
.-fo 




.(0 



If, for inatanco, the tangent distance is 00 foot, and the frog 
ia feet above or lielow Al, the distance (*F) would bo B0.45. 
As a rule, it will be sufilcicnt to neglect tlic correction, anil 
take Ihe dislance nicaanred along the tangent Al, to the foot 
of n per[ Bind lull hir froni F. 

The switcli-tiingeut through B makes an angle S with tbs 
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line AI, and, by platting th^ turn-out curves from that tan- 
gent, tlieir degrees might be read from the diagram for any 
intei-section, but this would necessitate the construction of a 
diagram for each different value of the switch-angle, and the 
degree of the turn-out may be obtained by approximate for- 
mulae which are sufficiently exact for all purposes. With a 
straight main track, and a switch-angle equal to zero, and a 
frog-angle P, the frog would be at the intersection of the F- 
degree frog-circle with the line AI, and the degree, Do, of the 
turn-out curve through that point would be determined by the 
formula. 

Prop. XV. (5). Sin. J^Do= 100. vers. F-^2.(^-«). ) r^ 



(( (< 



(40), Do=.874.F«-«-(^-5), (nearly). 



The values of Do for different values of F, at intervals of 
ten minutes, are given in the frog tables, and marked on the 
diagram at each intersection of the line AI with a frog- 
circle. 

With a straight main track, and a frog and switch angle, F 
and S, the frog would be on the line AI, at its intersection 
with the F-h S frog-circle, and the degree of the turn-out curve 
would be determined by the following formulae, the latter of 
which is approximate, but sufficiently exact for all cases occur- 
ring in practice: 

Prop. XV. (5). Sin. J^5=100 . (cos. S— cos. F)-f-3 (^-«). ) /^v 



it ti 



(10). D5=.874.(F2- S*2) ^ (g-8). 



In the above formulae, D« represents the degree of the turn- 
out curve for a straight track and a switch-angle S, and Do the 
degree when S=0. By (40), Ds=Do-.874 . S«-^ (g-s). 

With a gauge ^ = 4.708, and a throw of 5 inches, (^ — «) = 
4.29, and the correction will be given by the following for- 
mulae: 

D«=Do-.204.S«=Do-12.5 . S^=Do-C. (4J^ 

In these equations, S is to be expressed in degrees and deci- 
mals, the first equation, .204. S*, giving C in degrees, and the 
second, 12.5. S*, in minutes. The correction, C, is given in the 
following table for different values of the switch-angle: 
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Prom the value of Ds thus deter- 
miiiod, the degree, Di. of the tnrn-oiit 
curve may be obtained when the de- 
gree, Da, of the main-track rail is given, 
bj the foilowiiig forniiik 
I>6 = D<±Do = Do-12.5.S'±Dff = D(( 
-C±Do. (5) 

In this equation. Do is the degree at 
the interscctiou of the P-degiee frog- 
circle with tlie line Al, and C is the 
correction from table S, above, for tlie 
given value of S. 

For the double sign prefixed to Da 
substitute a plus sign when the tum-ou 
is to the inside, and. a -nunus sign when 
it is (o (he culsidf. Por a turn-out to 
llie outside, the eutru will be concare to 
AB when Da is less than Ds. niui <■•■»- 
vex-when it i^ greater, be shown in tho 
curves erossiug at F| and Pi, Cgiiro 
59. 

Examplea of Use of TaUe. — Oivtn 

the frog and steiich angka, F and S, 

and the degree. Da, of the main-lraefc 

rail; required tJie frog-dUianee (AP). 

e •" °o The frog will he at the int^TSeclioii of 

I ~T a"" the(F+K)rnig-firclc with the Da raiU 

"§ _^__. curve, above AI when the turn-out is 

to the outside, anil hejow wlieii jt is to 
the inside. If P = 7''0ff, 8 = 1° aC, 
Da = 8° 23', the frog is at the intersec- 
tion of tho (F -I- S 8° SO-) frog-ciwln 
with tho 8° 23' rail-carve above AI, fop 
a lum-out tu I III' ijulbkle. It is not nec- 
essary lo consider the turn-out to tlie 
inside, because the degree, DJ, of the 
turn-out would, in sdih 'iv^. be eijiial 
to Do-C -l-Da= 17° 58', which is a 
greater curvature than should be ased. 
It is for this reason that the roil-onrres 
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below A I, at intersection with the 8° 10' frog-circle, extend 
only to 7 degrees. 

For a turn-out to the outside, the distance (AP) along AI, 
to the foot of a perpendicular from F, is 59.0. The frog is, 
however, 2.5 feet above A I, and therefore (AF) is the hypo- 
thenuse of a right-angled triangle of which 59.0 is the base and 
2.5 is the perpendicular, and (AF) is therefore equal to 59.0, 
plus the correction, .04, in table P, for (AP) = 59.0, and j? = 
2.5. It is to be observed that the distance (AP) is not the dis- 
tance to the intersection of AI by the frog-circle, but to the 
foot, P, of a perpendicular from F to AI* 

As a rule, (AF^ may be assumed equal to (AP). 

Example 2. Given F, S, and Da ; required D&. 

Formula. D6 = Do — C ± Da. 

In this equation. Do is the degree at the intersection of the 
F-degree frog-circle with the line AI ; C is the correction, from 
table S, for the given switch-angle, and the double sign will be 
plus when the turn-out is to the inside, and minus when it is 
to the outside. If, as in the preceding example, F=7° 00'; S 
=1° 20', and Da=8° 22'; Do, on the (F=7° 00') frog-circle, is 
9" 58'; the correction, C, from table S, for (S=l° 20') is 22'; 
and, therefore, D6 is equal to 9° 58'- 0° 22'- 8° 22'= 1° 14' 
for an outside turn-out, and to 9=' 58'-0''22'h-8° 22'= IT 58' 
when the turn-out is to the inside. With Da=12*' 36', D& 
Would be — 3** CO' for a turn-out to the outside, the negative 
sign indicating that the turn-out is convex to AB, as in the 
case of the arc BF.a in figure 59. 

Example 3. Given S, Da, and Db ; required F. F will be 
equal to the degree of the frog-circle cutting A I at the point 
where Do is equal to D&±Da+C. In this equation, C is the 
correction, from table S, for the given value of S, and the sign 
prefixed to Da will be plus for an outside, and minus for an 
inside, turn-out. If, for instance, S = 1° 20', Da = 8° 22', D& 
=V 14', and the turn-out is to the outside, Da-f-D6H-C=8° 22' 
H-l" 14'+ 0° 22'= 9° 58'; and as this is the angle, Do, at the 
intersection of the T 00' frog-circle with AI. F is equal to 
7" 00'. With D6 equal to 17" 58', and the turn-out Jto the inside, 
Dj_Da+C=17^ 58'-8" 22'4-0'' 22'=9° 58', and the frog-angle 
would therefore be 7° 00', as for the turn-out to the outside. 

These examples are taken from Heuck's formulaB; the pro- 



106 DEFLECTIONS, LATITUDES, Al^ DEPARTURES. 

cess for the frog-distance is mathematically correct, and the 
vahios by diagram are correct within one minute for F, and 
wiUiin three minutes for Bb. The same process is applicable 
to sidings and crossings, for each of which the line AB is sup- 
pr)sod to be at riglit angles to the track-tangent at A. In tlie 
case of a three-throw switch, both of the tangents at A and B 
arc switch-tangents, and it is therefore necessary to make a 
diagram for each value of the switch-angle. 

In this case, o"=(g-2.s).cot. i^ {¥"-{- 2 S), and r''=(g-2.8) 
-f-sin. 1^ (P"+ 2 S), and o" is equal to half the chord distance, 
(AF), and r" to half the chord distance, (BF), given in the 
tables of problem XVIII. for three-throw switches. By con- 
structing the diagrams for single and double switches on the 
same sheet, all frog problems could be readily solved. This 
could be easily done, as the frog-circles for the double switch 
would be within the frog-circles of the single switch, and they 
would not cross or interfere. The turn-out and main-track 
curves might be distinguished by different colors. 

For convenience of scaling, the diagram should be made on 
cross-section paper, and on a scale not less than one-quarter of 
an inch to the foot. 

3. Foj-nudce for Turn-outs. — Exact formulae for any curva- 
ture of the main track are given in proposition XV., but the 
problems may be solved with sufficient accuracy by assuming 
that the frog-distances are the same for curved and straight 
nijiiii tracks. The degrees of curvature may be detennined by 
a])i)roximate formuhr based on (40), proposition XV. In tables 
IV. and VI., for standard and narrow gauges, the frog dis- 
tances are given for straight tracks, and also the formulae for 
delerniining tlie degrees of the turn-out curves. Table IX., 
for sidings, crossings, and single and double turn-outs, for 
standard and narrow gauge tracks, is based on (39) and (40), 
proposition XV. For explanation of formulte for chord aiid 
curve onlinates, see ])roblem XIV. 

The use of these tables will be understootl by the following ex- 
amples, in all of which the gauge is 4.708 and the throw 5 inches. 
U jam pic 1. (fiiru F and S; required the frog^Utances^ 
(AF) rt/J(/(BF), the middle and side chord ordinates of 
the turn-out curve, and the middle and side curve ordi" 
nates between the two rails. 

The frog-distances are given in tiiblcs IV. and VI., (^>po8ite 
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the angle (F-f-S). They may also be calculated by the formula, 
h = 491-^(P^-S), in table IX. The curve and chord ordinates 
are calculated by table IX., as in the succeeding example. 

Required, for example, the frog-distances and ordinates when 
F=r 00' and S=V 20'. 

Table IV., opposite 8^ 20', (AF)=58.9. (BF)=59.1. 

Table IX. (AF)=491-v-(P+S)=58.9. (BF)=(AF)+0.2= 
59.1. 

The turn-out curve may be laid down, without calculation 
of the degree of curvature, by middle and side ordinates from 
the chord *(BF), when the degree, Da, of the main track is 
given, or by curve ordinates from the main-track rail, which 
are the same for all degrees of curvature. 

Chord Ordinates. The side ordinates, or ordinates from the 
chord at one-fourth and three-fourths of its length, may be as- 
sumed equal to three-fourths of the middle ordinate, oj^, cal- 
culated as follows: 

When the main track is straight, so that Da is equal to zero : 

Prob. XIV. (5). 0^ =.218 . (P-S) . A;-^ 100 =.218x5.67 X.59 

=0.73. 

(7). o}^ = J^(5r-«).(P_SK(P+S)=1.07x5.67-i- 
8.33=0.73. 

When Da is the degree of curvature of the main track : 

Let oj^ be the middle ordinate of the turn-out curve for a 
straight main track, and o'J^ for the curved track. 



Prob. XIV. (7a). o'^= o% ± .218 .Da.{k-^ lOO)^. 

o'i^=.218 . A;-5-100.[(P-S)±(A:-^iOO).Da]. 



(( <( 



In this equation, problem XIV. (5), .218.Da.(A;^100)», is the 
middle ordinate for the curve A P. 

Por the double sign in this equation substitute a plus sign 
for an inside, and a minus sign for an outside, turn-out. 

If Da=8'' 22'=8.87°, ¥=T 00', 8=1" 20'=1.83% the chord, 
kf as calculated above, is 59, and the middle ordinate, oj^, for 
a straight main track, is .73. 

o'K=oK-t--218x8.37.(.59)2=.73-F.63=1.36 for an inside 

turn-out. 
O'i^=oj^-.218X8.87.(.59)«=.73-.63=0.10 for an outside 

turn-out. 
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The calculation by the second equation of (7) is as follows: 

o'3^=.218x.59.(5.67+.59x8.37)=:1.37foran inside turn-out. 
o'3^=.218x.59.(5.67-.59x8.37)=0.10 for an outside turn-out. 

To bend a rail of length, ^, the middle ordinate = o' J^ X 
{l-^ky. Side ordinates = % middle ordinate. 

Curve ordinates are the distances between the intersecting 
rails, measured on the radial lines of the main-track rail, at 
one-fourth, one-half, and three-fourths of the chord distance 
{\T)=1c. 

These ordinates, represented by gj^, gj^, and q%f are inde- 
pendent of the degrees of curvature of the intersecting rails, 
and constant for the same values of i and S, and are deter- 
mined by problem XIV. (9), or by table IX. in the following 
manner: 

If S is equal to zero, the ordinates are ^|, ^, and -^ of ♦= 
(g—s\ and are given in line 5, table IX. For any value of S 
multii)ly the corresponding numbers in table C by A;-«-100, and 
subtract the product from the ordinates in line 5. 

When % = 4.29, the ordinates in line 5 are 402, 3.22, and 
1.88. 

The numbers in table C for S=l° 20' are .44, .58, and .44, 
and these multiplied by .59 and subtracted from 4.02, 3.22, 
and 1.88, give 3.75, 2.86, and 1.61 for the curve ordinates. 

Should the degree, D&, of the turn-out curve be required, it 
may be determined by the formulae of the next example. 

Example 2. Given F, S, and the degree^ Da, of the main" 
track rail ; required the degree, Db, of the turn-out rail. 

Table VI. m=Do-C±Da. 

Table IX. D&=j-2«^^^~f)^^^ 

(l00.(F-S)-*-^•±Da. 

In table IV., Do is the angle opposite F, and C the correction 
for S in table C. In the formula) of both tables, Da is to bo 
plus wlien the turn-out is to the inside, and minus when it is 
to the outside. If, for an outside tuni-out. Da is greater than 
Do-C, or than .204 (F«-S-), the turn-out is convex to AB, 
as in the case of the curve BF3 in figure 50. 

If, for example, F=7'' 00', S=l" 20', Da=8" 22', the angle. 
Do, opposite to (F=7" 00') in table IV., is 9" 58', and the 
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rection, C, for S=V 20', is 0.22', and, therefore, Db is equal to 
9° 58'-0.22'-8° 22'=1° 14' when the turn-out is to the out- 
side, and to 9° 58'~0.22'+8° 23'= 17° 58' when it is to the 
inside. 

By table IX. D6 is equal to .204.(F-S).(FH-S)-Da=l° 16' 
when the turn-out is to the outside, and to .204.(F— S).(F + S) 
4- Da = 18° 00' when it is to the inside. The exact values of 
D&, calculated by (9), proposition XIV., are 1° 15' for tlie out- 
side turn-out, and 18° 00' for the inside. From the chord, k, 
and the degree, D6, thus calculated, tlie middle chord ordi- 
nate, oj^, and the side ordinates, o}4 and 0%, may be deter- 
mined in the following manner: 

Table 1. oj^ = tangential ordinate for an abscissa equal to 
l/k. 

Problem XIV. (5). oJ^=.22.DJ.(;k-i-100)«. 

The chord, k, in this instance is 59, and the ordinates as fol- 
lows: 

Db=V 14'. Table I. oJ^= tangential ordinate for 29.5 •- .09. 
D6=18° 00'. o3^=tangential ordinate for 29.5 =1.38. 

D&.-=1°14'=1.23°. Prob.XIV.(5).o3^=.22x 1.23.(.59)'^= .09. 
D6=18° 00'. o3^=.22X.18X (.59;«=1.38. 

The side ordinates may be assumed equal to three-fourths of 
the middle ordinates. 

Example 3. Qiven S, Da, cmd T>h ; required F. —Table IV. 
F is the frog-angle opposite the angle Do equal to D6±Da+C. 
In this equation, C is the correction, from table S, for the given 
value of S, and the sign prefixed to Da will be plus for an out- 
side, and minus for an inside, turn-out. Table IX. F*=4.91 . 
(D&±Da)-fS^. In this equation, also, the sign of Da will be 
plus for an outside, and minus for an inside, turn-out. Da = 
8° 22', Dh^r 14', S = l° 20', the turn-out to outside. In 
table IV. the angle, (Do=l° 14'+8° 22'-h0°22'=9° 58'), is the 
angle opposite to the angle (F= 7° 00') in the left-hand column, 
and this is, therefore, the value of F. 



Table IX. F=>v/4.91 . (1° 14' + 8° 22) + S'^ =>v/48.91 = 7° 00'. 

4. Three-throw Switches (figure 68). — The formulae for turn- 
outs from three-throw switches are given in proposition XV., 
but the problems may be solved with sufficient accuracy by 
means of tables V. and VII., problem XVIII., or by table IX, 
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If one of the. turn-out rails is laid down, the position of a mid- 
dle frog, of given angle F", on that rail, may be determined in 
the following manner: From the centre of the track, and par- 
allel with the track-tangent, measure to a point, 0", the dis- 
tance, 0"= 1^(^—2 s). cot. 1^ (F'-f 2S); and from 0* as a cen- 
tre, with a radius, r''= Y^. (//— 25)-f-sin. J^ (F'+ 2S), describe 
a circle cutting the located turn out rail at a point F*. F' will 
be the position of the middle frog on the located rail. The 
frog-distance on the main track may be determined as in ex- 
ample 1 of the last article, and the turn-out curve laid down 
by curve ordinat^s from the main-track rail by the formulae of 
table IX. The application of the tables to three-throw switch- 
es will be understood by the following example, for a gauge of 
4.708 and a throw of live inches. 

Example 1. Given the main-track frog-angleSy Fa and F6, and 
the switch-angle S; required the middle frog-angle^ F', 
and the frog-distance, k". 

By Table V, The degrees, Db and Ba, of the turn-out curves 
must be determined from table IV., as explained in example 2 
of the preceding article. F", in table V.. will then be the frog- 
angle opposite to the angle 1)0"= Da-f-DJ-hC, C being the 
correction from table S" for the switch-angle, S. The frog- 
distances, A'a" and k^\ are the distances opposite to the angle 
(F''-h2S). 

By table IX. F^'^.O . (F«a+F«6) -h 2.2xS«. (1) 

A;''=443-5-(F''+2S> (2) 

F" may also be determined in terms of Db and Da as fol- 
lows : 

¥'"= 4.43 (Db + Da) -f- 4 X S«. (3) 

If one of the turn-out curves is given, the other may bo de- 
termined by the following equation: 

(Da-hD«^)=.226P'8''-.9xS«. (4) 

In those and other equations, in which the angles enter as 
multiples or divisors, the minutes should be reduced to deci- 
mals of a degree by the rules of problem I. The squares may 
be taken from a table of squares, or the difference of the 
squares calcidated as the multiple of the sura and diflevenoe 
of the angles. 
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Example 1. The degree, D, of the main track curve is 5° 00'; 
8=1" 00'. The main4rack frog-angles are, Fa=6'' 00' on the 
inside, and FJ = 9° 00' on the outside. Required the middle 
frog-angle, F", the middle frog-distances, (AF") and (BF"), 
and the curve ordinates from the main-track to the turn-out 
curves. 

Table IV. Fa=6° 00'. Da=Do+D-C=7° 19'+5° 00'- 0° 12' 

-n° or. 

Yh =9° 00'. D6=Do+D-C=16° 30'-5° 00'-0° 12' 

=11° 18'. 

Table V. (J^'^W 21')= angle opposite (Do''=12° 07' + 11° 18' 

-f 0° 55' =24° 10'). 

In this equation, 0° 55' is the correction for Do" for a switch- 
angle of 1° 00', and Da and DJ are the turn-out curves calcu- 
lated above. The middle frog-distances are the distances, 
(AF')=35.9, and (BF'')=36.1, opposite the angle (F'H- 2S)= 
(12° 21') in table V. 



Table IX. F''=>y/.9. {¥^a+¥''h) h- 2.2 X S« =.v/.9x (117.)-h2.2 

=10° 21'. 
A;''= 443 -^- (F'^ 2 S) = 443 -f- 12.35 = 36.1. 

The sum, (Da+DJ), of the degrees of the turnout curves 
may also be calculated as follows by (4): 

(Da-f D6) =.226 X ¥^'-.^ X S«= 23.40°= 23° 24'. 

The exact value of the middle frog-angle calculated by (16), 
proposition XIV., is 10° 23'. 

The turn-out curves may be laid down by the curve ordinates 
from the main-track rails which they intersect, by table IX., 
as explained in example 1 of the preceding article, and their 
intersection will give the position of the middle frog. The po- 
sition may also be determined in the following manner: F and 
k are the main-track frog angle and distance; F* and A;* the 
middle frog angle and distance; p = k"-^ k; and q the ordinate 
from the main track rail to F*. 

q may be determined by the following formula deduced from 
(8), problem XIV. : 

q^ig-s) . (1-i?) . [(lH-i>) . FH-(l-jp). S]-f-(FH-S). (5) 
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In the case under consideration, S=l° 00'; Fa=6° 00'; Fb 
=9° 00'; r=36.0; k^= 10.2; k^= 49.0; k'''i-k^=M; k'-i- ky,= 
.73. 

p=M. $=(4.29). (.49). [(1.51). (6)+(.49)] -i- 7=2.87. 
^=.73. g=(4.29). (.27). [(1.73). (9)+(.27)]-f- 10=1.81. 

As these distances are measured from the opposite rails of 
the main track to the middle frog, the sum should be equal to 
the gauge, 4.71, from which it differs only by .03. 

5. Sidings (figure 69). — In sidings, the siding-rail is produced 
from the frog-tangent at F until parallel to the main track at 
B, and as AB is a radial line to both cui*ves, A'=B'=90'', and 
I = S = 0. If c is the distance between the track-centres, the 
distance from A to B is equal to {c—g)^ and the formulae are 
those for a turn-out, except that {c—g) is to be substituted for 
(g—s), and S is equal to zero, and the quantities may tlierefore 
be taken from tables IV. and VI. by multiplying the distances, 
and dividing the angles, by (c—g)-i-(g — s). The exact formulas 
are given in proposition XV., and table VIII. is calculated for 
a distiince (AB) = 10, but the problems may be solved with 
sufficient accuracy by the formulae of table IX., which are cal- 
culated for distances, between track-centres, of 12, 14, and 16 
feet. The examples are taken from values calculated for a dis- 
tance of 14 feet between track-centres, or for a distance, (AB) 
=9.29. 

The siding will be on the inside when on the concave side of 
the main track, «s for the curve BP, figure 50^, and on the 
outside when on the convex side of the main ti'ack, as in the 
case of the curves BF}.^ and BF}^, In the fonnulap, k^ and Da 
will be the frog distance and degree of curvature of the main- 
track rail, and /r^ and Db of the siding-rail BF. 

As 8 is equal to zero, the calculations may be facilitated by 
using the frog- number, which may be calculated by the for- 
mula, w=57.2-i-F. 

The position of the frog may be determined in the following 
manner: From the middle of (AB) to a point, o, measure par- 
allel to the track-tangent the distance, o = i^ (c— ^).cot. J«^ F, 
and from as a centre, with a radius, r = ]4{c—g)-^ sin. J^ F, 
describe an arc cutting the main-track rail at a point F. F 
will be the point of the frog. The distances, o and r, may be 
assumed equal to (c— 5r).57.2-*-F, or to {c—g),n. 
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On the same principle a diagram may be prepared, as ex- 
plained in article 2 with reference to turn-outs. A diagram 
for turn-outs may be used for sidings by multiplying the frog- 
distances, and dividing the degrees, Do, of the turn-out curves, 

by (c-g)Mg-s). 

Example 1. Given the frog-cmgle, F, wad the diatcmce, (AB)= 
(c—g); required the frog-distcmcea, and the curve ordinatea 
from main to turn-out rail, at one-fourth, one-half, and 
three-fourths of the frog-diatance. 

Table VIII. Multiply the frog-distances in the table corre- 
sponding to F by one-tenth of (c—g). 

Table IX. (AF)=2 (c-^).n=(c-5r).114.4-*-F. ) ,^. 
(BF)=(AF)+4(c-^)-4-100. ) ^ ' 

The curve ordinates at J, f , and f of the frog-distance from 
A will be equal to |{, ^}, and ^ of (c—g). They should be 
measured at right angles to the track-tangent from A, or, near- 
ly enough, on the radial line of the arc AFa. 

The distance between track-centres is equal to 14 feet, the 
distance (AB) to 9.29, and tHe frog-number, n, to 7, corre- 
sponding to a frog-angle, F, of 8° 10'. 

Table VIII. (AF) = 140.0 X .93 = 130.2. 
(BF)= 140.4 X .93 = 130.6. 
Table IX. (AF) = 2 (c-g) . n = 130.2 = 10.63-4- 8.17=130.1. 

The curve ordinates, as given in the table, are 8.71, 6.96, 
and 4.06. 

The chord ordinates are determined as for turn-outs, making 
S=o, and substituting (c—g) for (g—a). 

Example 2. Given F, (c—g)^ and Da; required Db, 

Table VIII. D6 = 10 . [Do + (c - g)] ± Da. (2) 
Table IX. D6=.874 F2±Da = 100xF-*-A;±Da. (3) 

In (2), Do is the angle in the table opposite the angle F; and 
in (2) and (3), the sign prefixed to Da will be plus for an in- 
side, and minus for an outside, siding. When the siding is to 
the outside, BF will be concave to AB for positive values of 
Db, and convex for negative values, as in the cases of the arcs 
BFs and BF, in figure 60. 
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Da=:5°00'. F=8°48'=8.8°. (c-g)=9,2d, 

(2) Table VIII. D6 = 10 x6.75-t-9.29 + 5°=12° 16' for inside 

siding. 
D6 = 10 X 6.75 -5- 9.29-5'*= 2° 16' for outside 

siding. 

(3) Table IX. D6= .094xF2h-5°=12° 17' for inside siding. 

" " "-5°= 2Mr ** outside ** 

In (2), D(?=6°45'=6.75'' is the angle opposite to (F=8" 48'). 
The exact value of Db, from (27), proposition XV., is 12** 15'. 

« 

Example 3. Given (c—g) cmd the frog-distance, k; required the 
frog-angle P. 

F=(c-^).(114.4)-^;k. n=A;^2.(c-^). (4) 

If (c-(7)=9.29, and A;=130.2, F=114.4 . (9.29)-*- 130.2 =8.17'* 
=8° 10'. n=180.2-f-18.58=7.00. 

6. Crossings (figure 70). — Fa is the greater and F6 the lesser 
frog-angle. B is at the distance g from the frog F6, measur- 
ed at right angles to the frog-tangent, and AB is on a radial 
line of the arc AFa, and therefore A'= 90% and B'= 9^— Fb, 

The distance (AB) is equal to c — ^.(1-i-cos. F6), which 
may be assumed equal to (c — 2g)y c being the distance between 
the centres of the parallel tracks, and g the gauge. 

In this case the rails intersect at Fa; AB makes an angle 
A'= 90° with the tangent at A, and an angle, 90**— F& = B', 
with the frog-tangent at F5, and therefore the formulae are the 
same as for turn-outs when (g — s) = (c — 2g), and S = Fb, 

The position of one frog, as Fa, may be obtained by measur- 
ing from the middle of (AB) to a point 0, on a parallel to the 
track-tangent at A, the distance o — }4(c — 2g) . cot. J^ (Fa-h 
F&), and from as a centre, with a radius, r=J^ (c — 2^)-*-sin. 
% (Fa-fFi), describing an arc cutting the rail through A at a 
point Frt. Fa will be the point of the other frog. 

The distances o and r may be taken from table IV. by mul- 
tiplying the chords (AF) and (BF), corresponding in that 
table to(F=Fa + F^»), by (c— 2/7)-i-(p— «). 

In practice, o and r may be assumed equal to (c — 2g) mul- 
tiplied by 57.2 and divided by (Fa+ Fb). 

The exact formuhnp are given in article 4, proposition XV., 
but the examples are solved by means of tables IV. and IX* 
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« 

Example 1, Given Fa, ¥b, and the distance (AB) = (c— 2^); 
required the frog-distance, (A Fa), and the curve ordinatea 
between the rails AFa and BFa. 

Table IV. The frog-distance, (AFa), is equal to the frog- 
distance for an angle (F=Fa+FJ), multiplied by (c— 25^)-*- 
ig-s). 

Table IX. (AFa) =zk = (e-2g). ai4.4) ^ (Fa + F6). (1) 

The curve ordinates are obtained by multiplying the correc- 
tions in table S, for F& = S, by ^ -j- 100, and subtracting the 
proiluct from the ordinates in line 5, which are equal to 4^f , ^, 
and ^^ of (c—2g). The chord ordinates are determined as for 
turn-outs, substituting (c— 2^) for (g—s), and ¥b for S. 

Fb = 6" 00' ; Fa = 8° 00' : distance, c, between parallel track- 
centres fourteen feet; (AB) = (c— 2^) = 4.58. 

Table IV. The frog-dist«.nce for (F=Fa+F5=14°) in table 
IV. is 35, which, multiplied by (4.58) -f- (4.29), gives (AFa) = 
37.4. 

Table IX. (AFa) = 524 ■+• 14 = 37.4. 

If Fb were zero, the curve ordinates would be those given in 
line 5 of the table, equal to 4.29, 3.43, and 2.00. 

From these subtract the corrections multiplied by .37, in 
table S, corresponding to S=F&=6° 00', giving for the curve 
ordinates, at one-fourth, one-half, and three-fourths of (AFa), 
3.57, 1.46, and 1.28. 

Example 2. Given (c—2g), Fa, Fb, and the degree. Da, of the 
rail AFa; required the degree, Db, of the rail-curve BFa. 

Table IV. D& = Da + {Do — .204xFb^).(g^s) -*- (c—2g). (2) 

Table IX. Db = Da4-.874 (Fa« — F6«) ^ (c—2g) = Da+100 X 
(Fa— F&)-s-A;. (3) 

In (2), Do is the angle, in column Do, corresponding to (F = 
Fa + Fb). 
Let (c-25r)=4.58, Fa- 8" 00', F6=6° 00', and Da=6° 00'. 

Table IV. Db = 6" OO'-f- (13*' 02' — .204 X F¥) X (4.29) -^ (4.58) 
= ll** 20'. 

TW TT nx /6'*00'+.19.(64-36)=11.32''=iri9'. \ 

Aaoie lA. uo- y^o oo'+l00.(8°— 6°)-»-87.4=11.84°=:ll° 20'. / 
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When Fa=F&, D&=Da, and when Da=0, Db is also equal 
to zero, and the crossing is straight. The curve ordinates in 
either case will be equal to the ordinates between straight lines 
— that is to say, they will be one-fourth, one-half, and three- 
fourths of {c—2g)f whether the rails A¥a and BF6 are straight 
or curved. 

If, for instance, two seven-degree frogs be substituted for 
the six and eight degree frogs above, k would bo the same as 
before, and equal to 37.2, and D6=Da=6° 00'. 

The curve ordinates, obtained by subtracting from the ordi- 
nates in line 5, table IX., .37 times the corrections in table S, 
for a value of S equal to (Fb=7° 00'), would be 3.44, 2.30, and 
1.15, equal to three-fourths, one-half, and one-fourth of the 
distance, (c— 2^)=4.58. 

These would also be the ordinates, at one-fourth, one-half, 
and three-fourths of (AFa), if AFa and BFa wei*e straight 
lines, or when the degrees of curvature are zero, and, there- 
fore, the rate of convergence between two curves with the 
same curvature is the same as when the radii are infinite and 
the curves coincide with their tangents. 



PROBLEM XIX. 

TANGENTIAL DEFLECTIONS BY SINGLE OB SIMPLE CURYES. 

{For demonstration see proposition XVL, article 8.) 

It is required to turn from one given tangential direction to 
another hy means of a simple curve, and to determine the 
radius, or degree of curvature, and the positions of the 
tangent-points on the tangent-lines. 

1. ISIcasure the distance, (AB)=i, between any convenient 
points on the langents, and also tlie acute angles, A' and B', 
between the line AB and the Uingents through A and B, de- 
signating tlio greater of tlie two angles by the letter A'. 

Determine the turn, or deflection, I, from one tangential di- 
rection to the other by the rules of problem V. The Talne of 
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this angle, according to the tangential directions given, will 
be as follows : 

(Fig. 73.) I=(A'+B'). (Fig. 75.) 1=180° - (A' +B'). 

(Fig. 74.) I=(A'- B'). (Fig. 76.) 1=180'*- (A'- B'). 

There are three methods of connecting the tangents: (I.) By 
a curve starting from one of the points A or B. (II.) By a 
curve starting at a given distance from one of those points. 
(III.) By a curve of given radius, 

2. Case 1. Required the radius of a curve through one of the 
tangent-points, A or B, and the position of its point ofcorir 
tact vdth the opposite tangent-line. 

Da is the degi'ee, and a the radius, of the curve through A ; 
D6 is the degree, and h the radius, of the curve through B. 

T6 is the point of contact of the curve through A with the 
tangent BI, and Ta the point of contact of the curve through 
B with the tangent AI. The distances from A to Ta, and 
from B to T6, are equal, and are represented by the letter t. 

3. Solution hy Construction (figure 75). — From A and B as 
centres, with a radius, J^i-s-sin. J^ I, describe two arcs inter- 
secting at a point 0. From as a centre, with the same ra- 
dius, describe a circle ATB cutting AI and BI at Ta and T&. 
These will be the points of contact of the curves through A 
and B with the tangents AI and BI, and (ATa)=(BTJ)=^ 

From T6, at right angles with BI, draw a line to intersec- 
tion with the radius through A at a point C. (CA)=a is the 
radius of the curve through A touching the tangent BI at T&. 

From Ta, at right angles to AI, draw a line to intersection 
with the radius through B at a point Z. (ZB) = & is the ra- 
dius of the curve through B touching the tangent AI at Ta. 

4. FormulcB, The values of a, 6, and t are determined as 
follows : 

t=i . (cos. B' T cos. A')-i-vers. l=i . sin. J^ (I ± 2 B)-*-sin. J^ I. (1) 

a=i.sin. B'-*-vers. I=^.sin. B'-?-(cos. B'Tcos. A') \ 

Sin. i^Da=50 vers. I=^ .sin. B'= 50.(cos. B' T cos. A')-s- [ (2a) 
^sin. B'. ) 



6=i.sin. A'-*- vers. I=^.sin. A'-f-(cos. B'T cos. A'). \ 

Sin. }^D6=50 vera. I-*-*. sin. A'=50.(cos. B'T cos. A')-*- [ 

t,sin. A!* -■ ^ ) 



m 
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These equations take the following forms for different values 
of I; 



Figure. 


I 


t 


a 


3 


73 
74 
75 
76 


(A'4-BO 
(A'-BO 
i8o°-(A'4-B0 
i8o°-(A-B) 


/.sin. Yi (A'-BO 


/.sin. B' 


/.sin. A' 


sin. ^ (A'-f-BO • 
/.sin. 14 (A'+BO 


i-cos.(A'+B')" 
/.sin. B' 


I -COS. (A'-fBO* 
/.sin. A' 


sin. 1^ (A'-B') • 
/.COS. 1^ (A'-BO 


I -COS. (A'- BO* 
/.sin. B' 


i-cos.(A'-BO 
f .sin. A' 


COS. J^ (A'4-B') • 
/.COS. 1^ (A'+BO 


i-fcos. (A'-f-BO* 
/.sin. B' 


i+cos-CA'-fBO* 
/.sin. A' 


COS. 1^ (A'- BO • 


i+cos. (A'- BO* 


i-fcos. (A'— BO 



In these equations, the versed sine of I may be substituted 
for 1 ± cos. (A' ± B'). 

Example 1 (figure 73). A'=20° 00'; B'=10° 00'; I=(A'+B') 
=30° 00'; fc(AB)=l,000. 

^ = 1,000 . sin. 3^ 10° -5- sin. J^ 30°= 336.7. 
a = 1,000 . sin. IO^h- (1 - cos. 30°) = 1296.1. 
l = 1,000 . sin. 20°-f- (1 - cos. 30°)= 2652.9. 

Example 2 (figiu-e 74). Ta being in a pond, the tangent is pro- 
duced, by triangulation, to A, which would be station 8.20 of 
tlie alignment. 

Required the radius of a curve through B which will be tan- 
gent to the tangents lA and IB, and also the numbers of the 
stations at Ta and B. 

The angles and distances are measured as follows: (AB)=ft 
=300. A'= 06° 00'; B'=20° 00'. The angle lAB is obtuse, 
and therefore I=(A'-B')=46° 00'. 

^ = 300 . sin. K86°H- sin. ^46 = 523.7. 
J = 300 . sin. 66°+ (1-cos. 46°) = 897.6. 

As Ta is 523.7 feet from A, which is at station 8.20, Ta is at 
station 2.963. Db = 6' 23'= 6.39'' is the degree of curvature 
for the radius 897.6; the number of stations in the arc TaB is 
equal to 1 divided by the degree of curvature, or to 7.20, and, 
therefore, B is at station 2.963+7.20=10.163. 
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5. Case 2. If is required to connect the ttoo tangents by a curve 
starting at a given dista/nce from A or B. 

In this case, r is the radius, and Ta and T6 are the tangent- 
points, of the contiecting curve; I the intersection of the tan- 
gents; (I A) and (IB) the distances from I to the points A and 
B; (ITa) and (IT&) the equal distances from I to the points 
Ta and T&, called the semi-tangents of the curve TaTb; (ATa) 
= t^ the distance from A to Ta, and (BT6) = ^ the distance 
from B to Tb. 



Given the magnititde and direction of one of the distances, t^or 
t^ ; required the magnitude and direction of the other dia^ 
tance, and the radius, r, of the connecting curve. 

Problem XII. (IA)=i.sin. B -^ sin. I. (1) 
(IB)=i . sin. A -*- sin. I. (2) 



Prop. XI. (1). (IT6)=(ITa)= 



f (IA)+(ATa)=t.sin. B' ^ 
-s-sin. 1+^^. 

(IB)+(AT6)=i.sin.A' 
•*- sin. 1+^. 



Prop. XI. (2). 



(3) 



(4) 



'When t^ is given, f^zr (BT6)=(IT&)- 
(IB)=i.sin. B'-5-sin. 1+^.— i.sin. A' 
, , 1 (sin. A'— sin. B') 
• sm. I 

When t^ is given, /^=(ATa)=(ITa)- 
(IA)=i.sin. A'-T-sin. I+^= *.sin. B 

. , . I (sin. A' —sin. B') 

-Hsm. I=4H — ^ : — T -' 

^ sm. I 



Prob. XIII. (10). r = (ITa) . cot. %l = (IT&) . cot. %l. (5) 

As these sums and differences are algebraic, the signs of the 
terms are to be changed when they are negative, and therefore, 
(assuming distances measured in the direction lA or IB to be 
positive), in (3) change the sign prefixed to t^ when the direc- 
tions (lA) and (ATa) are opposite, and the sign prefixed to t^ 
when the directions IB and IT6 are opposite, and give to the 
semi-tangent, (ITa) or (IT6), in (4), the sign derived from (3). 

In practice it may be determiaed from the figure whether the 
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semi-tangent is the sum or difference of (I A) and t^, or (IB) 
and t^j and whether ^^ is the sum or difference of the semi-tan- 
gent and (IB), or /^ the sum or difference of the semi-tangent 
and (lA). 
Example 1 (figure 73). A'=20°; B'=10''; I=<A'^-B')=30^ 
It is required to determine the radius, r, of a curve connect- 
ing the tangents, and starting at a distance, (ATa) = ^, = 
+200, from A, measured in the direction lA, when the dis- 
tance, (AB)=i, is 1,000 feet. 

(1) (IA)=*.sin. B-f-sin. I = 1,000. sin. 10°-^ sin. 30''= -h 347. 3. 

(3) Semi-tangent = (ITa) = (IT&) = (lA) -h {Q = +547.3. 

(2) (lB)=i.sin. A'^sin. 1=1,000. sin. 20°-*- sin. 30°=+684.0. 

(4) fb= (BT&) = (1T6) - (1B)= +547.3-(+684.0)= -136.7. 

(5) r = semi tangent . cot. %! = 547.3 X cot. 15° =2042. 5. 

In (4), f^ is negative, and therefore it is to be measured in 
the direction BI, and Tb will be between B and I. 

Should it be required that the tangent-point Ta should be 
200 feet from A, measured in the direction AI, opposite to lA, 
the point Ta would lie between I and A; the semi-tangent, de- 
rived from (3) by changing the sign of f^, would be 147.3, and 
the radius would, in such case, be 147.3 X cot. 15° =549. 7. 

6. Case 3. Required the distances^ t^ and f^, from A and B, 
to the tajigent-points, Ha and T&, of a connecting curve of 
radius r. 

(5) (ITa) = (IT&) = r . tan. J^ I = semi-tangent. (6) 

(l)ftnd (2) (IA)= i. sin. B'-*- sin. I. (IB)=t. sin. A'-i-sin. I. 

(4) t, = (ATa) = (ITa) - (lA). t^ = (BT&) = (ITd) - (IB). 

In (4), change the sign of (ITa) when the directions ITa 
and I A are opposite, and the sign of (IT6) when the directions 
IT6 and IB are opposite. As the semi-tangent may be mea- 
sured in either direction from I, there will be always two posi- 
tions of the tangent-points Ta and T6, for the same tangents 
and radius, corresponding to the pairs of curves shown in fig- 
ures 73 to 76. 

Example 1 (figure 74). A'=85°; B'=35°; t=170; r=r68a.i. 
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The interior angle, A, at the base of the triangle AIB, is ob- 
tuse, and therefore I=(A'- B')=50°. 

(6) Semi-tangent (ITa)=(IT6)=r. tan. J^I = 630.4 X tan. 25" 
=307.3. 
(I A) = i.sin. B'-f- sin. I = 127.3. 
(IB) = *.sin. A'-*- sin. 1=221.1. 

When the semi-tangent is measured in the direction AI, 

(4) f^=: -(ITa)-(IA)= -307.3-127.3= -427.6. 
^b= (IT6)-(1B)= +307.1-221.1= +86.2. 

When the semi-tangent is measured in the direction lA, 
t^= +307.3-127.3= +200. t^= -307.3-221.1= -528.4. 

In the application of the formulaB, observe, when I is equal to 
180°-(A'± B'), that tan. i^I=cot. ^ (A'± B'), and cot. >^I= 
tan. ^4 (A'±B'). 

The only difficulty will be in the determination of the si^s 
of the terms, and these may be more readily obtained by in- 
spection of the figures, in any particular case, than by the 
rules. 



PROBLEM XX. 

(For demonstration see proposition XVL, article VII.) 

From a pointy A, to produce or retrace a curve to a tangent- 
point, T, the tangent from which will pass through a 
given point, B. 

(Figures 71 to 76.) (AB) = i is the distance from A to B; 
A' is the acute angle between AB and the tangent through 
A ; T is the point on the curve through A from which the 
tangent produced will pass througli B; B' is the angle between 
this tangent and AB ; ^ = (TB) is the length of the tangent, 
and la is the tangential deflection over the arc AT. 

Case 1, Given a f (AB) = i, a7id A'; required t, B', and la. 

This and the preceding problem are special cases of prob- 
lem XXVI. for connecting the tangents through A and B by 
means of two ai'cs with a common int^mediate tangent, t. 
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In XIX., one of the radii is infinite, and the curve coincides 
with the tangent. In this problem, one of the radii becomes 
zero, or a point coinciding with the tangent-point, B, through 
whicli passes the extremity of the common tangent, t 

In both cases there will always be, for each value of the 
radius and common tangent, two positions of the tangent- 
point, T, and in the case under consideration these points may 
be determined by construction in the following manner: 

(Figure 72.) C is the centre of the curve with the given 
radius, a, and B coincides with the centre of the curve for 
which the radius h is zero. 

On (CB) as a diameter describe the circle CTB, and from C 
as a centre, with the given radius, a, describe an arc cutting 
this circle in two points, T and T'. The lines dravm from 
these points to B will be tangent to the curve through A, and 
equal to the tangent t. The equal deflections, right and left, 
from CB to the radii CT and CT', are equal to the angle, T, 
obtained by the formula, tan. T=<-5-a, and the sum of the 
deflections from A to the two tangent-points, T and T', is 
therefore equal to 2 T. 

2. Formulce. The values of t, B', and la may be calculated 
as follows : 



t= ,^ i.{i±2 a.s'm. A'. (1) 

Tan. 1^ B=tan. i^ A.(i-/)^(i+0. (2) 

Ia = (A'±B'), or 180°-(A'±B'). (3) 

In (1), for the double sign prefixed to 2 a . sin. A' substitute 
a plus sign when the curve is convex to AB, as in figure 72, 
and a minus sign when it is concave, as in figure 71. t will be 
greater than i when the curve is convex, and less when it is 
concave, and in the latter case the solution will not be 
possible if i is less than 2 a. sin. A. 

In (2), A may be equal to the acute angle. A', or to the ob- 
tuse angle, 180°— A', and in the latter case tan. J^ A = 
cot. ^' A'. 

There will always be two values of B corresponding to the 
two positions of the pair of equal tangents, and to the values, 
A' and 180'-A', of the angle A. 

In (8), la will be equal to tlie angle of intersection, I, deter- 
led by the rules of problem V., and equal either to (A'+B*), 
to (A'-B), to 180°-(A'-hB'), or to 180'-(A'-B'). 
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In any of the formulae above, B may be substituted for A, 
and b for a, 

Example 1 (figure 71). (AB) = i = 800 ; a = 573.7 = radius 
of a 10-degree curve; A' =40"; curve concave to AB* 

In (1), the sign prefixed to 2 a. sin. A will be minus, because 
the curve is concave to AB, and therefore : 

2 a = 1147.4 log. 3.059704 

Sin. (A'=40°) " 9.808067 

2.867771=log. (2 a. sin. A'=737.6). 

i-2a.sin. A=800- 737. 6=62.4 log. 1.795185 

i = 800 " 2.903090 

t^ " 4.698275 

/=22M " 2.349137 

(2) Tan. J^B = tan. }^A'.(*-0-*-(i + 0. 

Tan. 04 A' = 20*=*). . .log. 9.561066 

*-^=576.6 " 2.760875 

i+^=1023.4 a.c. '* 6.989950 

9.311891 =log. [tan. (J^ B=ll° 35')] 

(3) Ia=I=(A'-hB')=40° 00'+23° 10'=63° 10'. 

For the second position of T, B and la will be as follows : 

Tan. (1^ B=57'' O3')=cot. {^ A' =20"). (i-f) -5- (i+Q. 
Ia=180°-(B-A)=180"-(114° 06'-40° 00')=105° 54'. 

Example 3 (figure 72}£). (AB) = i = 400 ; A'=10°; a = 
radius of 6-degree curve = 955.4; curve convex to AB. 



(1) < = ^t. (i + 2a.sin. A') = 541.1. 

(2) Tan. (3^ B=0° 45')=tttn. (J^ A'=5°).(^-i;)^(^+*)=.0131. 

(3) Ia=(A'-B')=10° OO'-l** 30^=8° 30\ 

To obtain the tangent-point, T, the 6-degree curve must 
therefore be retraced 8** 30', or 1.42 stations. 

Example 3 (figure 72). The values of B and la for the 
second tangent-point, T'» are obtained as follows : 

(2) Tan. (3^ B = 59° 44') = cot. (% A'=5° 00').(^-*)h-(^ + i), 

(3) Ia=180''-(A'+B)=50° 32. 

The angle B in this case is 119° 28', which is greater than 
shown in the figure, which is not drawn to scale. 
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The two tanj^ent-points, T and T', are obtained by running 
from A, right and left, 8" 30' and 50** 82', the length, t, being 
the same in each case. The sum, 59° 02', of these angles 
is equal to twice the angle, T, calculated by the formula, 
tan. (T=29° ^V)=t-^a, 

Case 2. Given t, (AB) = *, and A'; required the radivs a, 

B', and la. 

a= 3^ (i — . J^ (t+ -J- 3^ * . sin. A. (4) 

a being known, B and \a are determined by (2) and (3) of 
case 1. 

Example 1 (figure 71). Between T and B there is a bridge 
crossing to be placed on a tangent, and a length (^=223.4) is 
required for that purpose. 

The line has been surveyed to a point A, 800 feet distant 
from B, and the tangent of the curve at A makes an angle of 
40 degrees with the line AB» 

Required the radius of a curve AT, of which the tangent, 
(TB)=/, shall pass through B and be equal to 223.4. 

t=800; Jf =223.4; A' =40° 00'. 

i^ (i-0=288.3 log. 2.459845 

%{i+t)=bn.1l " 2.709015 

%i=zAm a.c. " 7.397940 

sin. (A'=40°) a.c. " 0.191938 

a=573.7 " 2.758738 

This is the same with example 1 of case 1, except that /«is 
given and a is required. B and \a are determined by (2) and 
(o), case 1. 



PROBLEM XXT. 

COMPOUND CURVES WITH RADII OF MINIMUM DIFFERENCE. 

(Figure 85.) Two tangents through A and B intersect at I; 

(AB) = V is the distance from A to B; A' and B' are the 

greater and lesser acute angles between AB and the tangents 

through A and B ; I = (A' ± B'), or 180° -(A' ±B'), is the turn, 

r deflection, from one tangential d unction to the other, equal 
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tx) the algebraic sum, la+Ift, of the deflections over the two 
arcs ; and a and h are their radii. 

I, A', B', and i are given; required the radii, a and h, of 
minimum difference, for compound curves. 

The formulae are applicable to all values of I, but are not 
of any practical use except for cases when I is equal to (A'+B') 
and the curves are as in figure 85, and in such case, 

^= ^'''Sn.1i1[ "^^ '["^^' ^^^"^^)"-^^^' ^q. (1) 

^= ^'-'3°;^^^f"^^^ [cot. H (A'-B')4-cot. H I]. (2) 
la = lb = ^L i3) 

Example 1 (figure 85). i = 950; A' = 8" 00'; B' = 7°00'; 
1=15° 00'. 

Cot. [J^(A'-BO=0° 30'']=114.599 

Cot. (M I = 3° 450 = 15.257 diff., 99.342 ; sum, 129.856 

K* = 475 log. 2.676694 

Sin. [J^(A'-B')=T)°30']. ** 7.940842 
Sin. 041 = 7'' 30') . ..a.c. *' 0.884202 

1.501838 1.501838 

99.342 " 1.997124 129.856. .log. 2.113402 

a=3155 " 3.498962 J=4123. . " 8.615240 

Ia = I6 = 3^I = 7''30'. 

Example 2 (figure 85). * = 1,000; A' = 20°; B' = 10°; 1 = 
(A'+B') = 30'. 

Cot. [^ (A'-B')=5" 00']=11.4301 

Cot. (1^ 1 = 7" 80') = 7.5957 diff., 3.8344; sum, 19.0258 

3^1 = 500 log. 2.698970 

Sin. [}4 (A'-B0=5° 00'] " 8.940296 
Sin. (^1 = 15° 00').. a.c. " 0.587994 

2.227260 2.227260 

3.834 " 0.583652 19.026. ..log. 1.279346 

a = 647 " 2.810913 6=3201.." 3.506606 

Ia = B = JiI = 15°00'. 
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It is best, when two curves are compounded, that the differ- 
ence of the rates of curvature should be a minimum, unless 
the rate on one of the curves is thereby placed beyond the 
limit, or the nature of the ground prevents, in which cases one 
of the radii is assumed, and the other determined by problem 
XXII. As a rule, however, the limits of the radii within which 
the solution is possible for any particular form of curve are 
very narrow, and the formulaB of this problem are simple and 
easy of application, and should be used whenever circum- 
stances permit. 

Demonstration, By reference to the formulae of table X., 
problem XXII., it will be seen, in the case of compound eui-ves, 
that the difference of the radii is equal to a constant divided 
by the multiple, (sin. % la) . (sin. % Yb\ and therefore the dif- 
ference will be a minimum when the multiple is a maximum, 
which will be the case when the two factors are equal, or when 
la is equal to \h. But as I«+I&=I, in such case %, I<*=J^ I^ 
= \^ I, and substituting these values of J^ la and J^ \h in the 
formuhe for cot. % la and cot. % ^*» ^^^ values of a and h in 
(1) and (2) are deduced. 



PROBLEM XXII. (Table X.) 

COMPOUND AND REVERSED CURVES WITH COMMON TANGENT- 
POINTS. 

1. A turn or deflection, I, is to be made, from one tangential 
direction to another, by means of two curves from tangent- 
points at A and B, compounding or reversing at a point of 
contact, T. A' and B' are the greater and lesser acute angles 
between AB and the tangent-lines through A and B, inter- 
secting at I ; \a and \h are the tangential deflections over the 
arcs AT and TB ; a and b are the radii of the arcs, and (AB) 
= i is the distance from A to B. 

I = (A' ± B ), or 180^- (A' ± B')=Trt + 16, is the toUl tangen- 
tial deflection over the two arcs, determined by the rules of 
problem V. 

The values of I for flgures to which reference is made aie 
;iven in table X. of this problem. 
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Given A', B', I, *, and one of the radiif a or h; reqmred la, 
lb, and (Tie other radius, b or a, 

2. Solution by construction (figure 78). — From A and B as 
centres, with a radius, r = J^i-s-sin. J^ I, describe two arcs in- 
tersecting at 0. From as a centre, with the same radius, 
describe a circle ATB cutting the tangents A I and BI at 

A, Ta, B, and Tb, 

The circle ATB is the locus of the points of contact of all 
compound and reversed curves from the tangent-points A and 

B, for which the algebraic sum, la -+- lb, of the tangential 
deflections is equal to I. 

Representing the centres of the curves with radii a and b by 
C and Z, one of the radii, as b, may be determined, when the 
other radius, a, is given, in the following manner: 

Produce the curve through A to intersection with the circle 
ATB at T. From T produce the radial line, T€ or CT, 
to intersection with the radial line through B at a point Z. 
(ZT) = J will be the radius of the curve through B compound- 
ing or reversing with the curve through A. 

When b is infinite, the curve coincides with the tangent BI, 
and cuts the circle ATB at a point Tb, which is the point of 
contact of BI with the curve through A, the radius of which 
is determined by problem XIX. When the curve through A 
cuts the circle ATB at Ta, outside of the triangle AlB, the 
radial line CaTa cuts the radial line through B at a point Z 
on the opposite side of AB from 0; the centres, C and Z, are 
also on the opposite sides of AB, and the curves are reversed, 
the difference, la— 16, of the tangential deflections being, in 
this case, equal to I. 

Wlien the curve through A passes through B, J^ I = A, 
a = 3^ i -i- sin. A = r, the terminal tangent of the arc AB 
makes an angle J^ (A'— B') with the tangent Bf, and b is 
equal to zero. For values of a greater than J^i-i-sin. A, 
the curves will be compound, and the point of contact as 
shown in figure 86, the difference, la— lb, of the tangential 
deflections being, in this case, equal to I. 

When the radius a is infinite, the curve coincides with the 
tangent A I, and cuts the circle ATB at Ta, which is the point 
of contact of the tangent A I with the curve through B, the 
radius b being determined by problem XIX. At Ta, where a 
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curve through B cuts the circle ATB, the centres, Cs and Zs, 
are on different sides of AB, and the curves are reversed. 
When the curve through B cuts the circle ATB at A, a is zero, 
and h is equal to i^ i -^ sin. B, the terminal tangent of the arc 
BA making an angle J^(A'— B') with the tangent BI* 

It will be seen that the deflection, la+Ift, over each pair of 
these arcs is from the direction AI to IB, and equal to (A' 4- B'), 
the centres being on the same side of AB when the curves are 
compound, and on different sides when they are reversed, in 
accordance with the rules of problem V. 

In figure 78, the deflection, I=IaH-I6, over the arcs, is equal 
to (A'-h B'), but the same rules will apply in the -case of any 
otlier value of I. Thus, for instance, in figure 89 the curves are 
either compound with centres on different sides of AB, or re- 
versed with centres on the same side, and therefore I = 180'' ± 
(A'+B'), and the radius of the circle ATB is equal to J^i -i- 
sin. %! = y^i -5- COS. }4, (A'-h B'). In this figure, the curves 
touching at Ti are reversed, with centres on the same side of 
AB ; and as la and \h are to the right, their sum, la-hli, is 
equal to the riglit deflection, 180°-(A'+B'), from AI to BI. 
The curves touching at Ta are also reversed, with radii on the 
same side of AB, but the deflections, la and I&, are both to 
the left, and their algebraic sum, —la— 16, is equal to the left 
deflection, -180"-(A'+ B'), from AI to BI. 

The curves toucliing at T are compound, with centres on dif- 
ferent sides of AB, and -la +lh= 180°- (A'+ B'). 

In figures 82 and 83, I = (A'— B'); the radius of the circle 
ATB is i<^/-f-sin. J^ (A'— B), and this circle is the locus of the 
points of contact of all curves from the tangent-points A and 
B, for which the algebraic sum, la-\-lh, of the tangential de- 
flections is equal to (A'- B'). In figure 83, A'=B'; I=A'-B' 
=0; r=i2'-^^in. (i^I=0) is infinite; the circle ATB coincides 
witli the chord AB, and the points of contact of all curves 
from the tangents at A and B will be on the line AB. 

When the common tangent is a line, and not a point, the 
circle ATB will be the locus of the intei*sections of the chords 
produced. Thus, for instance, in figure 100 the chords BT6 
and TrtA intersect at K, on the circle ATB, the radius of 
which is equal to J^Z-s-sin. J^ I. 

This class of curves is not, however, under consideration in 
this problem. 
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It may also be stated that the same principle is applied in 
problem XVI. to curves intersecting at an angle F, the ra- 
dius of the circle AFB in that case being equal to J^i -i- sin. 

J^ (1 + F). 

3. Formulm. — The formulae for this problem are derived from 
those of table III., problem XVI., for intersecting curves, by 
making F equal to 0** or to 180°. 

In this problem, as in problem XVI., the terms entering into 
the equations for different forms of curves differ only in their 
signs, and these signs, with the equations, are given in table X, 
for the curves represented in figures 78 to 88. 

In these equations, the terms are so arranged as to give posi- 
tive results for the class of curves to which they refer; and if 
the substitution of any given quantity in any equation produces 
a negative result, the solution is not possible for that value of 
the given quantity and the form of curves to which the equation 
is referred and the quantity must either be brought within the 
proper limits, or a form of curves adopted for which the equa- 
tion will give positive results. 

In the case of compound curves, as a rule, the radii for 
which the solution is possible in any particular case are con- 
tained within narrow limits, which are shown in table XII., 
problem ZXVI., which applies whether the common tangent is 
a line or point; but the equations of this problem are simpler, 
and better adapted to compound curves when the common tan- 
gent is a point. 

It will be seen by reference to the figures that there are two 
distinct classes of cui-ves. In the one, both of the compound 
or reversed curves form a portion of the alignment; in the 
other, one of the curves is to be substituted for the other. 

Thus, for instance, the two curves, AT and TB, would be on 
the alignment of a railroad- track in figures 83, 85, and 87, but 
in figures 80, 81, 813^, and 88 it is supposed that one of the 
cui-ves, as that through A, has been located, and is to be re- 
traced to a point, T, from which, as a tangent-point, another 
curve is to be substituted, terminating in a point, B, with a 
given direction of tangent. 

In the latter case, one of the radii is always given, to deter- 
mine the other; but in the former case both radii may be deter- 
mined so as to fulfil any required conditions. The connection 
may be made, for instance, in the case of compound curves, by 
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curves with radii of minimum difference, as in problem XXI., 
or by means of a single curve, as in problem XIX., and, 
for reversed curves, by curves of equal radii, as in problem 
XXIII. 

It will be seen that the deflection from one tangential direc- 
tion to another may be always made by means of a variety of 
curves, but the particular form of curves to be adopted in any 
particular case will depend upon the following considerations: 
I. Whether the curves are to be compound or reversed. II. 
Whether each curve is convex or concave to AB. III. 
Whether the centres are on the same or different sides of 
AB. 

The curve through one of the tangent-points, as A, is con- 
cave when it will cut the line AB if produced towards the op- 
posite tangent- pohit, B, either between A and B or beyond B, 
as in figures 93 and 101. It is convex wh»n the convexity is 
towards AB^ as in figures 94 and 105. 

In figures 83, 85, and 86, both curves are concave. In 86, 
the curve BT extends in the opjjosite direction from A, but is 
concave to AB if extended towards A. The curve through A 
is convex in figure 81, and concave in 81 J^, being the inside 
<jurve in one case and the outside m the other. 

In every case the deflection, I, to be made over the curves is 
first to be determined by the rules of problem V. 

It is to be noted, in all of the formulas of table X., that A' is 
the greater of the two acute angles, A' and B', and that a and 
la are the radius and deflection of the arc through A. 

4. Example 1 (figure 85). '» = 950; A' =8*' 00'; B'=7°00'; 
I=(A'+B')=15' 00'; «=3000; required 6, la, and lb. 

The equations in table X. for figure 85 are as follows: 

(1) Cot. % \a= -[a. sin. J^(A'-i-B')]-*-[3^t.sin. % (A'-B*)] 
+cot. y^ (A'-B'). 

a = 3000 log. 8.477121 

sin. [}4 {A'+B')=r 30'] " 9.115(»8 

l^^ = 475 a.c. " 7.823306 

Sin. [i^(A'-B')=0'30'] a.c *' 2.a59tr>8 

94.408 " 1.975288 

Cot. {}4 \a = 2" 51') = -h cot. [^ (A - B') =114.599] - 94.408= 

4-20.131. 
J<^ 16=1^1-1^ Ia = r 39'. 
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(2) (6-a) = J^i.sin. i^(A'-B')^-(sin. i^laxsin. }4Ib). 

^i . sin. ^ (A' - B') = 475 . sin. 

0*'30' log. 0.617536 

Sin. 04 Ia=2° 51'). log. 8.695660 

Sin. (J^ 16=4° 39') " 8.909353 log. 7.605013 

J-a = 1029. ^& = a H- 1029 = 4029. 

By problem XXI., the radii of minimum difference are, a = 
3155, and b = 4123. By problem XIX., a = 3398 is the radius 
of a curve tangent to BI, h being infinite, a = 3413 is the 
radius of the curve through A and B, and the corresponding 
value of 6 is 0, so that a change of 15 feet, in the value of a, 
changes b from infinity to zero. 

For values of a between 3398 and 3413, the curves would be 
reversed. 

Example 2 (figure 87). .A' = 30° 30'; B' = 4° 00'; 1 = 
(A'+B') = 34° 30'; a = 1000; curves compound as in figure 85. 

(1) Cot. (J^ la = 23° 54')= -a . sin. % (A'+ B') -^ 3^* . sin. 
% (A'-B')4-cot. % (A'-B'). 
1^ 16 = - J^ la + 3^ 1= - 23° 54' H- 17° 15' = - 6° 39'. 

As this equation for figure 85 gives a negative value for 
J^ 16, the solution is not possible for the assumed value of a, 
but the equation, (J^ 16 = J^ la — J^ I), for figure 87, gives a 
positive value; the curves will therefore be reversed, as in that 
figure, and the value of 6 is determined by the equation,. 
a-f6 = J^t.sin. % (A' - B') -^ sin. J^Ia.sin. 3^16 = 3175, and 
6=3175-a=2175. 

In this case the maximum value of a, for compound curves, 
calculated by problem XIX., would be 516, but the tangents 
could be connected by a pair of reversed curves with a radius 
of 1059 feet and an intermediate tangent of 300 feet, as 
calculated in example 1, problem XXIII. 

It will be seen that the only difference in the formulse for 
figures 85 and 87 is in the sign of 16, which changes the sign 
of 6, the formula for 6 — a, in 85, being the same with the 
formula for 6 + a in 87. 

It will be seen that the curves in figures 80, 81, and 81 J^ 
are compound, with I=(A'±B'). In figures 80 and 81 J^, the 
curve AT is concave, and the curve BT is convex, but the 
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intersectioD, I, of the tangents through A and B, and the 
p. c. c, T, are on the same side of AB in figure 80, and on 
different sides in SIJ^. In 81, AT is convex and BT is con- 
cave, and I and T are on the same side of AB. 

Example S {fLgnre SO). i=100'; A'=20''00'; B'=10°00'; 1= 
(A'— B')=10° ; a=2865=radius of a 2-degree curve. 

For the curve through A is to be substitut^^ a curve TB, 
terminating at B with a tangential direction IB. Required 
the tangential deflections, la and lb, and the radius, b, of the 
curve TB. 

(1) Cot. (J^Ia = 3° 41') = + a . sm. ^ (A'- B') ^- J^» . sin. 

K(A'+B')-cot. 3^(A'+B'). 
K^b=^la-hH (A'- B')=8° 41'. 

(2) (a-&)=3^*. sin. ^ (A'+B') -*- sin. J^ la, sin. J^Ift = 1335. 
6=a-1335=2865-1335 = 1530 = radius of a 3° 45' curve. 

The deflections, (Ia=7.37*'), and (lb = 17,Sr), divided by 
the degrees of curvature, (Da=2.00°) and (D&=3.75*), give 
the number of stations, 3.68 on AT, and 4.64 on TB. 

Example 4 (figure 81). 1=300; A'=20°; B'=15°; I={A'— B') 
=5° 00'; a=955.4=radius of a6-degree curve; required la, 16, 
and h. 

(1) Cot. m la = 13.43') = + a . sin. J^ (A'- B*) ^- Ji » . sin. 

J^(A'+BO + cot. i^(A'+B'). 
y2n=%la-% (A'- B') = IV 43'. 

(2) (6-a)=i^i.sin. % (A'-h B')-i-sin. %la. sin. Jilft = 976.7. 
h = a + 976. 7 = 1932. D6 = 8° 44'. 

Number of stations in AT=Ia-i-Da=4.57; number in TB 
= IJ-^D6 = 7.63. 

Example 5 (figure 81^. Distances and angles as in last ex- 
ample. 

(1) Cot. (H la = 23° m') =-a. sin. }4 (A'- B') + J^ » . sin. 

J^(A'-f B')-fcot. J^(A'~B'). 
Hlb = ^la-H{A'- B') = 2r 29'. 

(2) {a-b)=^i, sin. J^(A'-fB')-i-sin. J^Ia. sin. ^Us= 808.1. 
6 = a -808.1 = 656.3. D6 = 8° 44'=8.78'. 
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Number of stations in AT= la -*- Da=7.59. Number in TB 
=4.88. 

Example 6. Compound and Reversed Curves, I = 180°— 
(A'h- B') (figures 88 and 89). — The curves are compound, with 
centres on different sides of AB, in figure 88, and reversed, 
with centres on the same side, in figure 89; and tlierefore, by 
the rules of problem V., I = Ia-|-I6=180°-(A'-hB') in both 
figures, and the formulaB are those of table X. for figures 88 
and 89. 

When, as is generally the case in practice, the exact relative 
positions of A and B are not of importance, and it is required 
to shift the tangent- point by a given distance, i=(AB), and 
to change the tangential direction by a given angle, I, the fol- 
lowing approximate formulae will be found sufficiently exact, 
when i does not exceed 50 or 60 feet, and I is not greater than 
15 or 20 degrees. 

The change, I, of tangential direction is determined accord- 
ing to the rules of problem III., as the algebraic difference of 
the deflections to the two tangents from any third direction 
AB, or in most cases, with sufficient accuracy, as the algebraic 
difference of their magnetic bearings. 

The number^ h, of stations in the arc AT, which is also equal 
to the number in the arc TB, and the change of the degree of 
curvature, may be determined by the following formulae, de- 
duced from (40), article 5, proposition XV., by making the 
frog-angle, F'=0°, under the condition that the lengths of the 
arcs AT and TB, or the number of stations in the arcs, shall 
be equal. 

J) a and D5 are the degrees of the two arcs, and when the 
curves arc compound, as in figure 88, D6 is always the degree 
of the inside curve, and greater than Da. T is the point of 
compound or reversed curvature, and, as before stated, k is the 
number of stations in each of the arcs, AT and TB. 

(D& ± Da) is the change of the degree of the located curve, 
equal to (D6+Da) for reversed curves, and to (D6— Da) for 
compound curves. 

The values of (DJ ± Da), and of h, are independent of the 
values of Da and D&, and constant for the same values of i 
and I. 

(D«>±Da)=.874xF-i-V=I-i-A;. (a) 
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A;=1.144x*VI=I-f-(D&±Da). (b) 
For compound curres, (^^ ^ ^^^ ^ ^^^ ^ ^^^ . j (c) 

For reversed curves, (^*=-^^^Xi;j^.-^^\ (d) 

In (c), when D& is less than .874x1^-5-*, Da is negative and 
the curves reversed. 

In (d), if Da or D& is greater than .874 X I*-^ h the result is 
negative and the curves compound. 

Example, The tangent-point is to be shifted a distance, t= 
{AB)=20 feet; the tangential direction, at the terminus of the 
located curve, bears N. 3° W., and it is required to change to a 
tangential direction bearing N. 5° 48' E. 

Problem III. I=+5° 48' -(-S** 00')=8° 48'=8.80\ 

(a) (D6±Da)=: .874x1* -^i=.874x(8.8)«-i-20=3.38*'=3° 23'. 

(b) A;=1.144x*-^ 1=1.144 X 20^8.80=2.60. 

A; may be calculated first, and then (D6±Da)=I-^A;=8.80**-f- 
2.60=3.38. 

Whatever may be the degree of the located curve, it must, 
therefore, be retraced 2.60 stations to the point, T, from which 
2. CO stations of another curve, differing in degree by 3° 23', 
must be substituted, and, in such case, the terminal points, 
A and B, of the two curves will be 20 feet apart, with a differ- 
ence of 8° 48' in the tangential directions. 



For compound curves, if Da = 4° 00', DJ = 3" 23' + 

4*' 00=7° 23'. 
For reversed curves, if Da = 4° 00', D& = 3° 23' — 

4° 00= -0° 37'. 



Ml) 



In such case the negative value of Da shows that the curves 
cannot be reversed for a value of Da=4° 00'. 



\m 



For compound curves, if Dh = 4° 00', Da = 4° 00'— 

3° 23' =+0° 37'. 
For compound curves, if D& = 3° 23', Da = 3°28'— ) ^ 

3'' 23' =0° 00'. \ ^^ 

In til is case the curve through A is straight and ooinddes 
vith its tangent. 
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For reversed curves, if D6 = 2° 33', Da = 3** 23' 
2° 23=1° 00'. 



j(4) 



In the above examples, the tangential deflections, la and lb, 
over the arcs AT and TB, each of 2.60 stations, are as follows: 

Ia=DaX2.60=r 00'X2.60=10° 24*. 

Dbx2M=r 23'X2.60=:19° 11'. I=I6-Ia=8** 47'. 






Ia=DaX2.60=0° 3rx2.60= 1° 36'. 

DJX2.60=4° 00'X2.60=10° 24'. I=K-Ia=8'* 48'. 



S Ia=DaX2.60=0° 00'X2.60= 0° 00'. 
^"^^ \ lb =D6X2.60=3° 23'X2.60= 8° 47'. I=16-Ia=8° 47'. 

Ia=DaX2.60=l° 00'X2.60= 2° 36'. 

Dftx2.60=2° 23x2.60= 6° 11'. I=K+Ia=8^ 47'. 



<^)iS: 



It will be seen that the algebraic sum, Ia+I&, of the tangen- 
tial deflections, is the arithmetic difference when the curves 
are compound, and the arithmetic sum when they are reversed. 

In the preceding examples, the points A and B are equi- 
distant from T, and in the triangle ATB the chord (TA) = 
(TB) = A;Xl00 = 260; the angle ATB between the chords= 
J^ I = 4° 24', and the exact value of the base, (AB)=t, is 
determined as follows : 

i=2 A; X 100 X sin. (% ATB = M I) = 320Xsin. 2° 12' = 19.97. 

To insert an intermediate tangent, t, between the curves 
when they are reversed, see formulae of table XII., problenf 
XXVI., for figure 107. 

Example 7, Curves, compound or reversed, with pa/rallel 
tangents at the extremities, A and B, (figures 81 J^ and 83). — 
If T is the point of compound or reversed curvature, then, 
by problem VII., figures 44 and 45, the lines of the chords 
coincide, and A, T, and B are on the same straight line ; the 
tangential deflections, la and 15, over the arcs TA and TB, 
are equal to each other and to half the tangential deflect ion^ 
la or lb, and the deflection I=Ia4-I&=0°. 

Case 1. If it be required that the curves shall terminate at 
two flxed points^ A and B, measure the distf^ice, t:=AB, 
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and the angle A'=B' between the line AB and the parallel 

tangents. 

Given A'=B', and one of the radii, a or h; required tJie other 
radiuSy and the equal tangential deflections, la cmd 16, 
from A and B to the point, T, of ccmpoimd or reversed 

curvature, 

%la=%lh=A'=B'. (a) 

(a±h)=}4 i-i-sin. % Ia=(nearly) ix57.2-i-Ia. (b) 

In (b), substitute (a-\-h) for (a±h) when the curves are 
reversed, and (a—li) when they are compound, and, in the 
latter case, the longer radius, a, is always to be the radius of 
the outside curve. 

Equation (b) takes the following forms for reversed and 
compound curves: 

For compound curves, /«=M *+sm. % Ja+h. v 

\b=a—%i-\-sm, %laj ^ ' 

For reversed curves, (, "f; . . *wt ~ i (d) 

' \J=3^t-i-sin. J^Ia— a./ ^ ' 

Any value of a or 6 which, substituted in (e) or (d), gives a 
negative value to h or a, will change the curves from com- 
pound to reversed, or from reversed to compound. 

Equation (b) is deduced from the formula) of table X. for 
(a±j), in the cases of figures 81}^ and 83, by substituting 
the values of \a and \h from (a). 

Example. The distance t=(AB)=40', and the angle A'=B', 
between (AB) and the parallel tangents, is 6° OC. 

(a) li la=}4 Ii=A'=6° 00'. 

th\ ( . ;x_ J J^*>sin.A'=J^t-!-sin.J^Ia=20-i-8in.6'=191.8. 
W {a±b)- I ^•x57.2-i-Ia=40x57.2-i-12=190.7 (nearly). 

This is tlio change in the radial value, and is independent of 
the value of the given radius, and constant for the same Talues 
of i and A'. 

For compound curves, if J=955.4, (c), a=J^i-i-8in. ^Ia+d=: 

955.4+191.3=1146.7. 
For com|>ound curves, if a=955.4, (e), (=a— ^^-hsId. ){Liss 

955.4-191.3=704.1. 
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For reversed curves, if 6=955.4, (d), a=}4i-hsin. J^Ia--J= 
191.3-955.4=-764.1. 

Reversed curves are not, therefore, possible for a value h= 
955.4, or for any .value of a or 6 greater than 191.3. 
Jf the curves are reversed, a/nd a=b=r, 

r=3^i-i-sin. J^ Ia=34 4-T-sin. -^'* (®) 

Of the three quantities {a±b), i, and la, two being given, the 
third is determined by (b). 

Case 2. As a rule, for compound curves at least, it is re- 
quired that the perpendicular distance between the parallel 
tangents shall be equal to a given distance, represented, in the 
formulas below, by p ; and one of the radii, a or h, and the 
tangential deflection, la or Ih, over the arc AT or BT, is given, 
to find the other radius. 

(a ± &)=;?-*- vers. (Ia=B)=, nearly, 6600Xi?-»-Ia'. (f) 

•c^ A /a=o-f-vers. la-{-h.\ , . 

For compound curves, I , t I (ff) 

^ \&=a— ^-^vers. la J ° 

^ J /a= OH- vers. la—l).\ „. 

For reversed curves, ( , t I (h) 

\6=^H-vers. la— a./ ^ ' 

In (g), a is the radius of the outside curve, and a negative 
result in (g) or (h) will sliow that the solution is not possible 
for the given radius and form of curves. 

Example, Compound curves. — A 5° curve, radius a=1146.7, 
has been run to a point A, with a tangential direction AI ; 
required the radius, h, of an inside curve, which, starting at a 
point T, 2.40 stations, or 12 degrees, back on the 5° ciii-ve, with 
a tangential deflection, 16=12° 00', shall terminate in a tan- 
gent parallel to AI, and at a perpendicular distance, ^=4.18, 
from it. 

( \ h=\ a-p-i-YBTS. Ia= 1146. 7- 191.3=955.4. 

^^ ( a-6600x4.18H-12'^=1146.7-191.5=955.2, nearly. 

. (vei-s. Ia=jp-*-(a±6). ) 

If a and b are given < , ,-— — , }■ (i) 

^ I Ia= ^mOOxpMa ± b), nearly, j ^ ' 
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The formiilaB for reversed curves will apply to crossings 
between parallel tracks, wlien p is the perpendicular disttmce 
between the lines of parallel frog-tangents. 
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REVERSED CURVES WITH EQUAL BADn. 

To connect two tangent-points^ A and B, hy a pair of reversed 
curves with an intermediate tangent, 

(AB)=i is the distance from A to B ; A' and B' are the 
greater and lesser acute angles between AB and the tangent- 
lines AI and BI, 

I=(A'±B'), or 180° - (A'±B'), determined by problem V., 
is the algebraic sum, \a+lh, of the tangential deflections over 
the two curves, from the initial to the terminal tangential 
direction. 

r is the common radius, and t the length of the intermediate 
tangent. 

In table XT. are given the formulae for different values of I, 
table A applying whether ^s a line or point, and table B only 
when it is a point of contact. The formulae of table B are 
simpler than those of table A, but, as a rule, the latter should 
be used. 

The formulae of table XI. are deduced from those of table 
XII. by making a equal to h, and the formulae of table B in the 
same manner from table X. 

2. Eaample 1 (figures 102 and 87). A'=30° 30'; B'=4'' 00'; 
(AB)=*=1800. The triangle AIB is similar to figure 7; the 
centres of the curves are on different sides of AB, and the 
curves are reversed, and therefore I is equal to (A' 4-B'), and 
tlie formula) are those of table A, figure 103, or table B, 
figure 87. 

Suppose, first, that the intermediate timgent is ^=800. 

(I.) Determine II by formula (1), table XL, as follows : 

(l-/-r-i)=(l-300-^1300)=.7G92 log. 9.880089 

(l4-/H-0=(l-f300-i-1300)=1.2308 " 9.090 « 88 

l-f^H-i«=R)=.9467 «« 9.970837 
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(II.) Determine the value of S and S^ by fonnula (2), as 
follows : 

% (sin. A'-sin. B')=.21889 log. 9.340226 

Sin. [J^ (A'+B')=17° 15'] " 9.472086 

S=.7383 " 9.868140 

S2=.5449 " 9.736380 

R+S2=1.4916 " 0.173671 

^ K+S2z=1.4916=1.2213 " 0.086835 

(III.) Determine the value of r by formula (3), as follows : 

y"R+S2-S=.4830 log. 9.683948 

y^ 1=650 ** 2.812913 

Sin. {y^ 1-17° 15') a.c. " 0.527914 

r=1058.6 " 8.024775 

(4)3^^=150 " 2.176091 

Tan. (T=8° 04') " 9.151316 

(5) y^ (cos. B' + COS. A')=.92959 " 9.968296 

Cos. (T=8" 04') ** 9.995680 

Cos. (C=23° 010 " 9.963976 

(6) Ia=(C-T)+A'=45° 27'. I&=(C-T)-B=10° 57'. 
Algebraic sum, Ia-I&=I=34° 30'. 

If t is zero, the calculation may be made by the same 
formulas, substituting for <, but with less calculation by 
table B as follows : 

(1) cos. (C=2r 38')= J^ (cos. B'+cos. A')=.92959. 

(2) Ia=C+A'=52° 08'. I6=C-B'=17° 38'. 

(3)i^i=325 log. 2.511883 

Sin. [1^ (A'-B')=13° 15'] " 9.360215 

Sin. (1^ Ia=26° 04') log. 9.642877 ** 1.872098 

Sin. (i^I6=8M9') " 9.185466 " 8.828343 

r=1106 " 3.043745 

The squares and square roots, calculated above by logarithms, 
may l)e taken from a table of squares. 

The reduction of the radius by inserting an intermediate 
tangent of 300 feet is 47 feet. By problem XIX. the maximum 
value of the radius, for a connection by means of a compound 
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curve, would be 516 feet, corresponding to a degree of curva- 
ture of 11° 06'. 

Uxample 2 (hgures 101 and 83). i=600 ; A'=18°; B'=6^ 

In this case tlie triangle AIB is similar to figure 7a; the 
curves are reversed, and the centres on different sides of AD, 
and, therefore, I=(A'— B')=12°, and the solution will be by 
the formulae in table XI. for figures 101 and 83. 

If a tangent, ^=300, is to be inserted between the two 
branches, calculate by formulae (1) to (6), table A. 

(1) R = (l-'P-r-P)=.75, (3) S = 3^ (sin. A + sin. B) + sin. 

Hi 



J^ 1=1.9782. (3) r=^jjPp-jX(V R+S»-S)=520. (4) Tan. 

(T = 16° 050 zzz^t^r, (5) cos. (C=20° 49')=cos. T . (cos. 
B'+cos. A'). (6) la = (C - T)+ A=22° 44' ; I6=C-T-+-B= 
10^44'. Ia-I6=I=12° 00'. 

If ^ = 0, calculate by (1), (2), and (3), table B, as follows : 
(1) cos. (C=13° 240=3^ (cos. B'+cos. A'). (2) la =C4-A= 
31** 24'. I6=C-f B=19° 24'. (3) r=}4i . sin. J^ (A'-hB')-i- 
sin. H I^ • sin. }4 I2>=684.0. In this case the degree of cur- 
vature is increased from 8° 34' to 11° 02', to insert the SOO-feet 
tangent. 

Example 3. Reversed curves between, parallel tangents 
(figures 83 and 101).— When A'=B', and I = (A'-B')=0% 
tlie formuloB of table X. are indeterminate, as the terms which 
enter into the equations have a factor equal to zero in the 
numerator and denominator, and the solution will be by the 
following formulae : 

(Figure 101) r=^ (i-t) , }4(i-^f)-^i , sin. A. Tan. T = 

% t-^r. Cos. C=cos. T.cos. A'. Ia=I6=C-T+A'. 
(Figure 83) If ^=0, Ia=I6=2 A. r=3^ i-f-sin. A. 

If A'=B'=12% I=(A'-B')=0°, ^=300, and i=1300. r=1480; 

T=5°4r; C=13°18'; Irt=I6=19° 31'. 
If t is equal to zero, r=1563; Ia=Ift=24°. 

In figures 105 and 107, one of the radii is given, and if the 
other is to be equal, t must be determined by problem 2DCV. 
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PROBLEM XXIV. 
{See proposition XVI., article 4, for demonstrcUiwi.) 

1 (Figures 93 and 94). A and B are tangent-points on two 
circles; (AB)=i is the distance from A to B; A' and B' are 
the greater and lesser acute angles between AB and the tan- 
gents AI and BI ; a and b are the radii through A and B; 
C and Z are the centres of the circles; c=(CZ) is the distance 
from C to Z. 

Either curve, as tliat through A, is concave, or convex, when 
the extension towards the opposite tangent-point, B, is concave, 
or convex, to the line AB. In figure 93, both curves are con- 
cave ; in figure 94, the curve through A is convex and the curve 
through B concave; in figure 101, both curves are concave; in 
figure 105, both are convex; in figure 86, both curves are con- 
cave, for although the curve BT is convex when extended in 
the direction AB, it is concave when extended in the opposite 
direction, BA. 

The centres are on different sides of AB in 94, and on the 
same side in 93. For the purposes of this problem it is to be 
specially noted whether the curves are concave or convex, and 
whether their centres are on the same or different sides of AB. 

Oiven these characteristics, and also i, a, b, A', and B'; re- 
quired the distance, c, from C to Z, and the deflections, 
Ca and Cb, over the curves, from A and B, to the points at 
which CZ cuts the arcs of the two circles. 

2. Assume an axis of direction CW, from the centre C, 
towards and at right angles to the line AB, and consider the 
direction AB^ whether to the right or left, looking from CN, 
as positive. 

The origin of co-ordinates, C, may be the centre of either 
circle. In this problem it is the centre of the curve through 
A. Asa rule it is convenient to assume C to be the centre of 
the curve of longer radius. The line (CZ) is the closing line 
to the three lines (CA) = a, (AB)=*, and (BZ)=&, the first 
estimated from centre to tangent, and the last from tangent to 
centre. C=CN" . CZ is the bearing of the closing line; CN.CA 
=A, of the radius a; CN.AB=:H-90°, of AB, and CN.BZ of 



142 DEFLECTIONS, LATITUDES,' AND DEPARTURES. 

the radius BZ, The bea'ring and length of the closing line 
are to be calculated by departures and latitudes, according to 
the rules of problem XI. and proposition XIII. 

3. Bearings, from CN, of CA, AB, and BZ. 

The bearings, A and B, of CA and BZ, are either the angles 
A' and B', or their supplements, and their signs and magni- 
tudes are determined by the following rules: 

+A' when the curve through A is convex to AB. 



={ii: 



** " " concave " 



(1) 



T»_ j B' when the centres are on the same side of AB. 
<180°-B' " ** ** different sides " 

T^ . j positive when the curve through B is convex to AB. 
( negative " ** ** " concave " 

CN.AB is, by supposition, positive and equal to-f-90°. 

4. If ^d is the departure, and ^l the latitude, of the closing 
Ihie, (CZ), 

:Ed— +i±a. sm, k' ±h, sin. W. .2Z=+a.cos.A'±&.cos.B'. (2) 

In these equations, i is always positive; a. sin. A', or 5. sin. 
B', is positive when the curve through A or B is convex, and 
negative when it is concave ; a. cos. A' is always positive, and 
6. cos. B' is positive when the centres are on different sides of 
A B, and negative when they are on the same side. 

5. Bearing and length of the closing line (CZ)=c. 

2d and 21 are the sides of a right-angled triangle of wliich 
(CZ) is the hypothenuse ; and the length, c, and the bearing, 
C, are determined either by (3) and (4), or by (5) and (6), as 
follows: 

Tan. Cz=:2d^2h (3) 
c=^c?-f-sin. C=2'?-s-cos. C. (4) 
c^={2df+{2l)K (5) 
Sin. 0=2d-i-c. COS. C=2l^c. (6) 

In those equations, if C is the acute angle corresponding to 
the numerical value of the tangent, sine, or cosine, C is equal 
to C when -^7 is {wsitive, and to 180''— C when 21 isncgatiye, 
and has always the same sign with the dejmrture, 2d* 

6. To determine the deflections^ Ca and Cb. — Ca and Cd an 
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the points at which the line CZ cnts the curves through A and 
B, and Ca and Cb are the tangential deflections over the arcs 
ACa and CbB. By proposition X., the tangential deflection 
over an arc is equal to the deflection between the radii through 
its extremities, provided that the radial directions are both 
estimated from centre to tangent, or from tangent to centre. 
Cais, therefore, always equal to CA.CZ, and Cb to CZ.BZ 
except when the centres are on the same side of AB, in which 
case Cb is equal to 180°-CZ.BZ. 

By proposition V., the deflection from any direction to an- 
other is equal to the algebraic difference of their bearings from 
any third direction, and, therefore, 

Ca=CA.CZ=CN.CZ-CN.CA=C— A. (7) 

C«> = CZ.BZ = CN.BZ-CN,CZ=rB-C for centres on^ 

different sides of AB,=180°-(B-C) for centres 1(8) 
on the same side of AB. J 

In these equations. A, B, and C must have the signs and 
values determined by (1) and (3), and the sums and differences 
are algebraic. 

If the calculated value of Ca or Cb is greater than 180 
degrees, reduce to an equivalent deflection less than 180 
degrees by the rules of problem II. In making this reduction, 
the sign prefixed to 180 degrees, when it is a terra of the equa- 
tion, may be changed from plus to minus or from minus to 
plus. 

The line CZ cuts each of the curves through A and B at 
two diametrically opposite points, of which one is determined 
by the equations above, and the other is obtained by adding 
or subtracting 180 degrees. 

7. Example 1 (figure 83). t=600; A'=18'*00'; B'=r6°00'; 
a = J— 684; both curves concave, and with centres on different 
sides of AB, 

(2) :Sd=+i-a.mi, A'-6.sin. B'=600-211.4-71.5= + 317.1 
-SZzr-ha.cos. A'+6.cos. B'=650.5+680.3 =+1330.8 

In these equations, the departures, a. sin. A' and 6. sin. B', 
are negative because the curves are each concave, and the 
latitude, J.cos. B, is positive because the centres are on differ- 
ent sides of AB, 
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(3) Tan. (C=+13° 24')=2f?-i-^/=+317.1-i-(-+-1330.8)=.2383. 

In this equation, C is acute because 21 is positive, and has 
the sam^ sign with 2d, 

(4) c=2d-i-sin. C=2l-i-cos. C=1368. 

(1) A = — A' = — 18° 00', because the curve through A is 

concave. 
B=~B'=— 6° 00', because the curve through B is concave 
and the centres are on different sides of AB« 

(7) Ca=C-A'=(+13° 24')-(-18° 00')=+31° 24'. 

(8) Ci=B-C=(-6° 00'}-(+13° 24')=-19° 24'. 

In this example, the radii are equal, and the calculated value 
of c is equal to their sum, and therefore the curves touch and 
are reversed, as in example 2, problem XXIII., in which the 
values of A', B', and C are the same as in this example, and 
the curves are reversed with equal radii. 

Uxample 2 (figure 93). The signs and values of the quanti- 
ties are the same as in the preceding example, except that the 
centres are on the same side of AB« 

(2) 2d=-\-i-a. sin. A'-J.sin. B'=600-211.4-71.5=H-817.1. 
^/=a.cos. A'-6.cos. B' =650.5-680.3= -29.8. 

(3) Tan. (C=^-95° 22')=+317.1-*-(-29.8)=10.641. 

In this case, the acute angle, G', corresponding to the tangent 
10.461, is 84° 38', and C is equal to 180°-C', because 21 is 
negative, the sign being the same with 2d, 

(4) c=2d-i-sm. Cz=2l-i-cos. 0=318.5. 

(1) A = — A' = — 18° 00', because the curve through A is 
concave. 
B=-(180°-B')=-174° 00', because the curve through B 
is concave and the centres are on the same side of AB« 

(7) Ca=0-A = +95° 22'-(-18° 00')= +113° 22'. 

(8) Ci=180°+(B-C)=180°-l-(-174° 00'-95° 22')~-89' 22'. 

These are tlie values of Ca and Cb corresponding to one of 
the points at which CZ cuts the circles. But CSB cuts the 
circles at two other points diametrically opposite to Ca and 
Cb, and the corresponding values of Ca and Cb are, —180+ 
(+113° 22')=-66° 38', and +180"+(-89'' 22')=+180'*-80**«2' 
=+90" 38'. 
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In both of these examples the origin of co-ordinates, C, is 
assumed at the centre of the curve with radius a, and as B is 
right of A, the right is positive. Assuming CN as north, 2d 
will be positive when Z is to the right of CUf, and negative 
when it is to the left, as in figure 85, or rather as it would be 
in that figure if CN were drawn from the centre of the curve 
with radius a. 

For values of 2d, 21, and C, for figui*es to which reference 
is made, see table XII., problem XXV. 



PROBLEM XXV. (Table XII.) 

{For demonstration see proposition XVI., article 5.) 

The radii and positions of two circles are given, and it is 
required to determine the lengths and positions of the 
common tangents connecting the curves, 

1. Solution by construction (figures 97 and 99). — C and Z are 
tlie centres of the circles ; a and b their radii ; {a±b) the sum 
of the radii when the curves are reversed, and the difference 
when they are compound, and c=(CZ) the distance between 
the centres. 

On (CZ) as a diameter describe a circle CPZ. 

From one of the centres, as C, with a radius (a±b), describe 
an arc cutting the circle CPZ in two points, P and P', 

From C, on the lines CP and CP', draw the radii (CTa) and 
(CT'a) to the curve through A. From Z, parallel to CT'a 
and CTa, draw the radii (ZT6) and (ZT'J) to the curve 
through B. (TaT5) and (T'aT'J) are the required tangents 
connecting the curves, and they are of equal length. If < is 
the length of the pair of common tangents, 

c'^=(a±bf+tK 

As the hypothenuse, c, must be greater than either of the 
sides of the triangle CPZ, the following conclusions may be 
deduced from the above equation : 

When, as in figure 95, c is less than (a— 6), the circles lie 
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within the other, and cannot be connected by a common tan- 
gent. 

When, as in figure 96, c={a—b), the curves touch on the 
inside and are compoundr 

When, as in figure 97, c is less than (a+b) and greater than 
(a—b), the curves intersect; there will be one pair of common 
tangents, and the curves will be compound, that is to say, 
the centres will lie on the same side of the common tangent. 

When, as in figure 98, c is equal to (a+b), the curves touch 
externally at a point of reversed curvature, and there is also a 
pair of tangents to which the curves are compound. 

When, as in figure 99, c is greater than (a-h J), there are two 
pairs of tangents, and the curves are reversed to one and 
compound to the other. 

In each case the line CZ will pass through the intersection 
of the pair of tangents, and the angles between C'Z and the 
radii from either centre to the extremities of the tangents will 
be equal and on opposite sides of the line connecting the 
centres. 

3. FormulcB, Measure the distance, (AB)=«, between any 
two convenient points, and also the greater and lesser acute 
angles, A and B', between AB and the tangents through A 
and B; note also whether each curve is convex or concave to 
AB, and whether the centres are on the same or different 
sides of that line. 

The origin of co-ordinates should, lor convenience, be the 
centre of the curve with the longer radius. In this problem, 
it is assumed to be at the centre of the curve through A with 
radius a. 

When at the centre of the curve through B, change, in all 
the formula?, B to A, and A to B. Looking from C towards 
AB, the right will be positive, with reference to bearings and 
departures, when B is to the right of A, and negative when B 
is to the left of A. As more fully explained in article 5, 
proposition XVI., the axis Cl^ is perpendicular to AB; A, C, 
and B are the bearings of CA, CZ, and BZ; ~T and -hT are 
the deflections from CZ to the radii from C to the extremities, 
Ta and Ta', of the pair of common tangents ; (C±T) is the 
bearing of those radii; la and lb are tlie tangential deflections 
"Irom A to one extremity, Ta, of the common tangent, and 
!rom the other extremity, T&, to B. 2d and 21 are the alg»- 
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braic sums of the departures and latitudes of (CA)=a, (A.B) 
=if and (BZ)=&, equal to the departure and latitude of the 
closing line (CZ)=c. 

2d=-{-i±a,8m. A'±&.sin. B'. (1) 
^7= -\-a. cos. A'±b. cos. B'. (2) 
Tan. C=2d'i'm, (3) 

Cos. T=(a±&).sin. G-i-2d={a±b).co3. C-j-2/. (4) 
t=2d. sin, T-j-sin. C=^Z.sin. T-s-cos. C=(a±5). tan. T. (5) 
A=A', and is always acute. (6) 

■D _ j B' for centres on different sides of AB» ) ,^ 

~ ( 180°-B' " ** the same side ** J ^^ 

f positive when the curve through A or 

A or B is 



. B is convex 



negative when the curve through A or 
B is concave 



to AB« 



Ia=(C±T)-A. (8) 

T J _ j B— (C ± T) when the curves are reversed. ) .^. 

lB-(C±T)-hl80° *• ** " *' compound. ) ^^ 

(1) a. sin. A', or 6. sin. B', is positive when the curve through 
A or B is convex, and negative when it is concave. 

(2) J. COS. B' is positive when the centres are on different 
sides of AB, and negative when they are on the same side. 

(3) The sign of C is the same with the sign of 2d. If C" is 
the acute angle corresponding to the numerical value of the 
tangent, C is equal to C when 21 is positive, and to 180° —C 
when 21 is negative. 

(4) Substitute (a+b) for (a±b) when the curves are reversed, 
and (a—b) when they are compound. If the resulting value 
of COS. T is greater than unity, the solution is not possible for 
the given values of the radii. T is acute and equal to T' for 
reversed curves, and also for compound curves when a is 
greater than b and (a—b) is therefore positive; but when the 
curves are compound and (a—b) is negative, T = 180°—T'. 
This is on the assumption that the origin, C, is at the centre 
of the curve through A. If at the centre of the curve through 
B, T would be obtuse should (b—a) be negative. For this 
reason, in order that T may be acute, it is best to assume C to 
be at the centre of the curve with tlie longer radius. 

In (5), the last formula, t={a±b) . tan. T, is the most con- 
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venient for general use, substituting (a + b) for (a ± ft) when 
the curves are reversed, and (a—h) when they are compound. 

(7), (8), and (9). Note the distinction between A' and A, or 
between B' and B, the former indicating an acute angle, and 
the latter an angle which may be acute or obtuse according to 
the value derived from the formula. As the differences are 
algebraic, care must be exercised to give to each angle its 
proper sign, and when the sign is negative the sign prefixed in 
the formula must be changed from plus to minus, or from 
minus to plus. When the sign of la or I& is negative, it indi- 
cates that the tangential deflection over the curve is negative. 
The algebraic sum, Ia-|-I5, should be equal to the angle, I, of 
intersection, computed in terms of A' and B' by the rules of 
problem V. There will always be two values of la and lb 
corresponding to the two positions of the pair of equal tangents, 
and one of these values will be obtained by substituting (C—T) 
for (C ± T), and the other by substituting (C+T), in the formula. 

If these rules are observed, (8) and (9) will give the signs 
and magnitudes of la and lb for both positions of the tan- 
gents, and for the curves whether compound or reversed. If 
the calculated values of these angles are greater than 180', 
subtract from 860° and change the sign. 

In table XII., the values of 2dy 21^ C, la, and lb are given 
for the different figures to which reference is made. 

3. Example 1 (figure 114). i=(AB)=1212.6; A'=84'' 33'; 
B'=2;r 30'; a=955.4; 6=573.6; both curves are convex, and 
the centres are on the same side of AB, so that I is equal to 
(A'-hB') when the curves are compound, and to 180°— (A'+B') 
when they are reversed, according to the rules of problem V. 

(1) 2d =+i+a. sin. A'-h6.sin. B' = 1212.6+541.7+228.7= 

+1983.0. 

(2) :S/=+a.cos. A'-b.cos. B'=787.0-526.1 = +260.9. 

(3) Tan. (C=+82° 30')=2<i-^2?=(+1983.0)-8-(+260.9)=.7602. 

If the curves are to be compotmd: 

(4) Cos. (T=79°00')=(a-6). sin. C-5- 2(^=381.7. sin. C-f-1988.0, 

(5) t=(a—b).tiin. T=381.7.tan. 79° 00'=1963.5. 

(6) and (7) A=+A' =+34° 33'. B=+(180°-B')=+156" W. 
(8) Ia=(C-T)-A=-3r 03'. ra=(0+T)-A = -126° 57'. 
(0) I6=B-(C-T)-180°=-27° 00'. I'6=B-(C+T)+180' = 

+ 175° 00'. 
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Note that the algebraic difference I'a— Ia=158°=2 T; the 
algebraic difference I'b — lb = 20;3°, which is equivalent to 
158°; I=Ia+I6=A'+B'=-58" 03'. l'a+l'b=-{-12Q'' 57'+ 
175° 00' = -h 301° 57', which is an equivalent deflection to 
— 58° 03', one being to the riglit and the other to the left. 

When the curves are reversed, substitute in (4) and the 
succeeding formulae (a+b) for {a—b), 

(4) Cos. (T=:40°08') = (a+&).sin. C-f-:S(?r= 1529. sin. 82° 30'-f- 

1983.0. 

(5) ^=(a+6).tan. T=1529.tan. 40° 08'=1289.0. 

(6) and (7) A=+34° 33'. B=:(180°-23° 30')=-j-156° 30'. 

(8) Ia=(C-T)-A=-j-7° 49'. ra=(C+T)-A=+88° 05'. 

(9) I6=B-(C-T)=-j-114° 08'. r6=B-(C-hT)=-+-33° 52'. 

In this case, the curves are reversed and the centres are on 
the same side of AB, and therefore- 1=180° - (A' -j- B')= 
121° 57'=Ia-hI&, and the algebraic difference la-lb=2 T= 
80° 16'. 

In the calculation of la, lb, I'a, and I'b, the rules for the 
magnitudes and signs of the deflections C, T, A, and B should 
be carefully observed, and the plus and minus signs understood 
in the algebraic sense. 

Example 2 (figure 101). In problem XXIII., example 2, a 
pair of reversed curves with equal radii are calculated for an 
intermediate tangent of 300 feet. In this example, the same 
radii are given, and it is required to determine the intermediate 
tangent. 

*=600; A'=18° 00'; B'=6° 00'; a=b=520', the curves are 
reversed, with centres on different sides of AB, and both 
concave. 

(1) 2d=i^a.sm. A'-J.sin. B'= + 384.7. 

(2) ^/=a.cos. A +&.COS. B'= + 1011.8. 

(3) Tan. (C=+20° ^9')=2d^m=.mOQ. 

(4) Cos. (T=16° 06')=(a + &).sin. C-^2d=.9mS. 

(5) ^=(a + &).tan. T=300.1. 

(6) and (7) A=-A'=-18° 00'. B=-B'=-6° 00'. 

(8) and (9) Ia=(C-T)-(-AO= +22° 43'. K=(-B')-(C-T) 
= -10° 43'. 

As the curves are reversed, with centres on different sides of 



160 DEFLECTIONS, LATITUDES, AND DEPABTUBBS. 

AB', and the triangle AIB is similar to figure 7a, I=(A'— B^) 
= 12^ 00', whicli is equal to the algebraic sum of la and lb. 
The values of these angles for the other tangent of the pair is 
not calculated. 
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(For demonstration see proposition XVI. , article 6.) 

In problem XXV., the radii and positions of two curves are 
given, to determine the lengths and positions of the pair, or 
pairs, of connecting tangents. 

In this problem the lengthy t^ of the common tangent, a/nd one 
of radiiy are given, to determi7ie the other radiiia. 

The first step is to determine the turn, or deflection, I, by 
the rules of problem V. It will be equal to (A'±B') or to 
180°— (A' ±B'), and the values are given in table XII., for 
different figures, with the equations for the solution of the 
problem for the particular form of curves shown in the figure. 

a or & is the given radius; 6 or a the required radius; 
(AJB) = ^is the distance from A to B; A' and B' are the 
greater and lesser acute angles between AB and the tangents 
through A and B ; Hs the length of the common tangent to the 
two curves ; it is to be noted whether the curves are concave or 
convex to AB, whether they are compound or reversed, and 
wlietlier the centres are on the same or different sides of AB. 

(2) Formula}. Either of the formula) below may bo used at 
pleasure. (2) is- more convenient for tabulation, and is useil in 
table XII., in which the signs of the terms are given for the 
forms of curves in the figures to which refei*enco is made. 
(1) will be found more convenient for general use. Note that 
a is the radius corresponding to the greater of the two angles 
A' and B'. 

g_H(^'^-H-^ ?-±^.sin . W ^_^i!zL''):^i±«^8in. A' 
~ T sin. A' ±6 . vers, l-hi* ~ T sin. B' ± a . vera. I-i-*" ' 

(+ m±b).p ^_ (+o±a).n 
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In (2), m, n, o, and^ have the following Tallies: 

iw = K (»«-<«)-*-(♦. sin, B% o = H(%^-t^) + {i,sm, A^. 

« = * . sin. A' •+■ Ysrs. L p=*.sin, B' -s-yers. I. 

The term J^ (*•— ^)-«-* may, for convenience of calculation, 
be placed nnder the form 3^(t-i-0X(*— Q-^*. 

The signs of the terms in (2), and also of the corresponding 
terms in (1), are determined by the following rules : 

m has always a plus sign prefixed, bnt becomes negative 
when t is greater than u 

d, in the numerator, is plus for convex, and minus for con- 
cave, curves. 

n is plus when the curve through A is concave, and minus 
when it is convex. 

by in the denominator, is plus when the curves are reversed, 
and minus when they are compound. 

The signs in (2b) are determlnejd in the same manner. 

o has always a plus sign prefixed, but becomes negative when 
t is greater than i. 

a, in the numerator, is plus for convex, and minus for con- 
cave, curves. 

p is plus when the curve through B is concave, and minus 
when it is convex. 

a, in the denominator, is plus when the curves are reversed, 
and minus when they are compound. 

N.B. The solution for any proposed form of curves is not 
possible for any value of a radius which, when substituted in 
the second member of the equations, gives unlike signs to the 
numerator and denominator, and thereby renders the radius in 
the first member negative. 

The equations for different forms of curves, and the limits 
of the radii within which the solution is possible, are given in 
table XII. When the second radius is calculated, la and lb 
are determined by problem XXV., and these equations are also 
given in the table. 

(3) Examples. It will be seen by reference to the figures 
that there are two classes of curves. In one, the common 
tangent is on the alignment, as in figures 101 and 102. In the 
other, as in figures 105 and 107, the alignment is to be retraced 
to a tangent-point, Ta or Tb, and another curve substituted. 
In the first ease, equal radii may be calculated by problem 
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XXIII., or radii of given values calculated by problem XXV., 
or one radius may be assumed and the other calculated by this 
problem. In the second case, the curve must be retraced with 
the radius with which it has been run, and if it does not contain 
the calculated deflection, la or I&, the solution is not possible. 

Example! (figure 102). » = (AB)=1300; A'=30*'30'; B'= 
4° 00'; curve through A concave, curve through B convex; 
the cui*ves are reversed, with centres on different sides of AB; 
the triangle AIB is similar to figure 7, and therefore I = 
(A'-j-B')=34° 30'. 

The degree of curve through B is 3° 30'; radius ft=1637.3, 
and the length of the intermediate tangent is ^ = 300 feet. 
Required the radius a. 

To obtain the value of a, it is necessary to calculate only 
m, w, and p, but o may be determined with but little additional 
calculation, and, with this value of o, the computations may 
be checked in the manner shown in the example. 

Computation of m and o : 
% (1+0=800. .. log. 2.903090 
(1-0=1000.... " 3.000000 

i=1300 a.c. '' 6.886057 

^{P-(i)^l^_ «* 2.789147 2.789147 

Sin. (B=4° 00'). " 8.843585 sin.(A=30°301 log. 9/705469 
w=8821.9 '* 8.945562 o=1212.5 " 8.083678 

Computation of n and p : 

t=1300 log. 8.113943 

Vers. (1=34" 30'). . . *« 9.245202 

t-5-vers. I *« 3.868741 8.868741 

Sin. (A=30'* 30'). . . . " 9.705469 sin. (B=4° W) log. 8.848585 

n=3751.5 ** 3.574210 i?=515.6 " 2.712326 

Calculation of a : 

m+ft=10459.2 log. 4.01949D 

p=615.6 " 2.712826 

n + 6=5388.8 a.c. " 6.268597 

a=1000.8 " 8.000382 

This last equation, determined by the rules above, is given 
n table XII., opposite figure 102. Having the value of o, the 
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work may be checked by computing &=(o— a).w-5-(a— /?). The 
solution would not be possible for any value of a greater than 
o or less than p, because such a value would result in unlike 
signs for the numerator and denominator, and a negative value 
for h. 

When both radii are known, the tangential deflections, la 
and I&, are determined by problem XXV. and according to 
the formulae of table XII, These formulae for the curves 
represented in the figure under consideration are as follows : 

:Sc^=+^-a.sin. A+6.sin. 3=1300-508.0+114.2= -f-906.2. 
-2;=a.cos. A! + h. cos. B' =862.3 +1633.8 =+2495. 6. 
Tan. (C= + 19° 5r)=^<^-J--SZ=+906.2-j-(+ 2495. 6)=0. 36311. 
Tan. (T=6° 29')= Z^(a + J) =300-5-2638. 1=0. 11371. 
Ia=(C-T)-(-A')=43° 68'. I&= +B'-(C-T)=-9'' 28'. 

The deflection from A to Ta is therefore 43** 58' to the right, 
and the deflection from T6 to B 9° 28' to the left, and the 
algebraic sum Ia + (-B)=34'' 30'=(A' + B')=I. 

By adding and subtracting (C+T), the deflections, Va and 
I'J, to the second of the pair of common tangents would bo 
obtained, but this tangent would not be available for an 
alignment of a railroad-track. 

Example 2 (figure 104). i=600; A'=18'' 00'; B'=6° 00'; 
^=300; a = 520.0; cui-ves reversed, with centres on different 
sides of AB ; the triangle AIB is similar to figure 7a, and 
therefore, by problem V., the deflection over the curves is 
I=(A'-B')=(12° 00'). The equations for this form of curves 
are those opposite figure 104 in table XII. 

In this case the calculation will be made by formula (lb), 
the signs of tne terms being the same as in the table. 

Calculation of % {i'—P)-i-i; a . sin. A' ; and a . vers. I -5- i: 

J4(i + t)=460 log. 2.653213 a=520 log. 2.716003 

(i-Q=300 ** 2.477121 sin. (A=18° 00') ** 9.489982 

t=600 a.c. ** 7.221840 a. sin. A =160.7 log. 2^205985 

j^(t2_^2)^t=225.0. «* 2.352183 

a=520 -.. '* 2.716003 

Vers. (1=12° 00')... '* 8.339499 
1=600 a.c. *' 7.221849 

a.vers.I-i-i=.01894. ** 8.277351 
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Calculation of h : 

% (i'^-OH-i-a.sin. A'=64,3 log. 1.808211 

Sin. (B=C° 00')4-a. vers. I-^*=.1235 " 9.091667 

ir=520.6 " 2.716544 

This is the same with example 2, problem XXIII., in which 
a common tangent of 300 feet was given, to determine a pair 
of curves with equal radii. The difference of six-tenths in the 
value of the radii, in this example, is due to the neglect of 
hundredths in the computations. 

Calculation of la and lb : 

:2d= + i-a.sm. A'-6.sin. B' =600-160. 7-54.4= +384.9. 
:2Z=a. cos. A' + 6. cos. B'=494.6 + 517.8= +1012.4. 
Tan. (C=+20° 490=2<^-^2/=+384.9-f-( + 1012.4)=.3801. 
Tan. (T=16° 05')=^^(a + 5)=300-5-1040.6=.2883. 
Ia=(C-T)-(-A') = +22° 44'. lb = (-B')-(C-T)=(-6'*)- 

4° 44' =-10° 44'. 
Ia+(-I&)= + 12° 00'=(A'-B')=L 

Uxample 3 (figure 107). A 7-degree curve has been run to 
a point B, with a tangential direction IB, and it is required to 
change the alignment by retracing the curve to a point TJ, 
and reversing with an intermediate tangent of 300 feet, so that 
the curve shall terminate at a point A with a tangential direc- 
tion lA. 

The angles, A'=BAI, and B'=ABI, are 70° and 36**; the 
triangle AIB is similar to figure 7; the curves are reversed, 
with centres on the same side of AJB, and therefore, by 
problem V., the algebraic sum, la + 16=1, of the deflections 
over tlie curves from B to A, will be equal to 180**— {A' + B')= 
74° 00'. 

t=(AB)=400; 6=819.0; ^=300; both curves convex to 
AB ; required a, la, and lb. 

For the equations, see table XII., figure 107. 

o=(m + 6).;?-!-(&-7i)=(148.9 + 819.0) X 324.6-i-(819.0-519.0) = 

1047.2. 
5'J=i + rt.sin. A' + 6.sin. B'=400+984.1 +481.4= + 1865.5. 
^7=a.cos. A-6.COS. B =358. 2 -602. 6= -304.4. 
Tan. (C=+99° lC')=:^eZ-i-:^7= + 1865.5-i-(-804.4). 
Tan. (T=9° 08')=/H-(a + 6)=300H- 1866.2. 
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Observe that C is obtuse because 21 is negative. 

Problem XXV. (6) and (7). A = ( + A')= + 70°. B= + 
(ISO**— B')=+144*', because the centres are on the same 
side of AB, 
(8) Ia=(C-T)-A=+20° 08'. (9) I&=B-(C-T)= + 53**53'. 

la and lb may also be calculated by the formulae of table XII., 
in which tliey are given in terms of the acute angles, A', B', 
C'=80*' 44', and T=9° 08'. Ia=180°-(C'+T)-A'=20° 08'. 
I&=-B'+(C' + T)=H-53° 53'. A small difference in the value 
of the radii will, however, often change a bearing from acute 
to obtuse, or from positive to negative, and it is safest to use 
the formulae of problem XXV. la, when C is the centre of the 
curve through A, or lb when it is the centre of the curve 
through B, may be easily determined, and, one being known, 
the other is obtained from the equation la-{-lb=l. In this 
example, for instance, la = 20° 08', 1 = 74° 00', and I&=I— 
Ia=53° 52'. 

Example 4 (figures 88 and 115). In the preceding example, 
referring to figure 107, the radius b was given, and the radius 
a determined by the formula, a={m+b).p-r-{n—b). 

If, in this equation, 6 = w, a would be infinite, the curve 
through A would coincide with the tangent A I, and the posi- 
tion of the point of contact with the curve through B would 
be determined by problem XIX. For a value of b less tlian n 
the denominator would be negative; the direction of the radius 
a would be reversed ; the curve through A would be, there- 
fore, concave, and the curves would be compound, as in figures 
115 and 88. 

When the curves are compound, the point of contact should 
be a point and not a line, as in figure 88, in which the curves 
are the same as in figure 115, except that t is equal to zero. 

In figure 107, the curves are reversed, with centres on the 
same side of AB, and therefore, by problem V., I=180°— 
(A'+B'). 

In figure 88, the radius through A is reversed in direction 
and the centres are on different sides of AB ; but as the curves 
become compound, the value of I remains the same. In 
figure 107, la+I6=I, while in figure 88, Ia-Ift=I. 

Suppose the curves to be as in figure 88; 6=478.3, < = 0, 
and the remaining lines and angles as in the last example. 
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t = 400; A' = 70''; B'=36°; I=180"-(A'+B') ; the curve 
through A concave, and the cun-e through B convex. Re- 
quired a, la, and Ih. 

The equations for this figure are not given in table XIL, 
but may be obtained as follows by making t=0 in (la) of this 
problem : 

a=(^i+b,sin. B')-5-(-|-sin. A'— ft. vers. In-*). 

In this equation, J2 * ^ always positive; ft.sin. B' is positive 
because the curve through B is convex; sin. A' is positive 
because the curve through A is concave, and the sign of ft. vers. 
I-7-i is negative because the curves are compound. Observe 
that the second term of the numerator is positive for convex 
cui-ves, aud the fiirst term of the denominator positive for con- 
cave curves. 

Substituting the values of the terms in this equation, 

o=(200h-281.1)-5-(+.93969-.86623)=6636.3. 

The calculation may be checked by computing the value of ft 
from this value of a by the following equation: 

ft=(3^i— o.sin. A')-5-(— sin. B'— o.vers. I-i-*)=4783. 

The signs in this equation are determined by the same rules 
as in the calculation of a. The second term of the numerator 
is negative because the curve through A is concave ; the first 
term of the denominator is negative because the cun*e through 
B is convex, and the second tenn of the denominator is nega- 
tive because the curves are compound. As both terms of the 
denominator are negative, the solution is possible only when 
the numerator is negative, or when a. sin. A' is greater than 
i^i. When J^i = a.sin. A', 6 = 0, the curve through A 
passes also through B, and i=2 a. sin. A' is the chord. 

Calculation of la and 16 by iliefonmilw of problem XXV,: 

(1) 2J= + t-a.sin. A' + 6. sin. B' = +400- 6142.1+381.1 = 

-5461.0. 

(2) i7=a.co». A' + ft.cos. B' =2235. 5 + 387.0= +2622.5. 

(3) Tan. (C=-64" 21')=i^(/H-2s7=-5461.0+-(+2623.^ 
As /=0, T=0. 
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(6) and (7) A=(-A')=-70^ B=(+B')=: + 36°. 

(8) and (9) Ia=C-A= +5° 39'. lb = B-C-180° = -79° 39'. 

la + (-lb)=-7r 39'-( + 5'' 39')=-74°=I=180°-(A'+B'). 

As the degrees of the curves through A and B are (0** 52'= 
0.87") and 12° 00', the required change of alignment from B to 
A is made by turning 6.68 stations to the left from B to T, and 
thence 6.49 stations to the right from T to A. 

The same results, by a different method, would be obtained 
from the equations of table X. for figure 88. Those equations, 
however, apply only when, as in the case under consideration, 
t=0. 

Example 5 (figure 101). Reversed curves between parallel 
tangents. 

In this case, A'=B'; I=A'— B'=0; both curves are concave 
to AB, and the equations are as follows : 

(la) a=[mP-t^)-iri-b, sin. B']-5-sin. A'=i4(i^-t')-^i.sin, 
, A'-b. 
^ = [H {P-t^)-^i-a . sin. A']-j-sin. B'^%{p-P) -j- i . sin. 
B'-a. 

If ^=1300, ^=300, a = 1480, A'= B' = 12° 00', then b will 
be equal to 1480. It does not, of course, follow that the 
radii will be equal in every case, but this is the same with 
example 3, problemTXXIII., of a pair of reversed curves with 
equal radii and an intermediate tangent of 300 feet. 

Calculation of la and lb by the formulcB of problem XXV.: 

(1) :Sd=%-2a.sm, A'=1300-615.4= + 684.6. 

(2) 2Z=2a.cos. A'=-4-2895.1. 

(3) Tan. (C = + 13° 18') = 2d-^:Sl=+ 684.6 -5- (+ 2895.1). 

(5) Tan. (T=5° 47')=3^ t-i-a. 

(6) and (7) A=B=(-A')=-12° 00'. 

(8) and (9) Ia=I6=(C-T)-(-A)= + 19° 31'. 

4. From the formula, a={m'-b).p-i-{n—b\ maybe derived 
all of the formulae of the preceding problems with relation to 
curves, compound or reversed, or intersecting as in the case of 
sidings, crossings, and turn-outs; in problem XIX., for in- 
stance, by making 6=n, and a, therefore, infinite ; in problem 
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XX., by making ft=m, and a, therefore, equal to zero; in 
problem XXII., by making t equal to zero; in problem XXIIL, 
by making a equal to b; and in problem XXVII., by making / 
c(|ual to zero, and substituting in the denominator vers. I— 
vers. F for vers. I, as explained in the demonstrations of 
those problems in proposition XYI., article 11. 

These formulae, as well as those of problem XXV., are de- 
rived from the rules for departures and latitudes in problem 
Xr., and for algebraic sums and differences of deflections in 
problem III., and present no difficulties, provided that care is 
taken to note the sign of each bearing and whether it is acute 
or obtuse, in accordance with the rules given, which are in 
every case without exceptions and readily applied. 



PROBLEM Xr\^II. 

(For deyrwnstration see proposition XVL, article 10.) 

A turn, or deflection, is to he made over tioo curves from one 
given tangential direction to another, and one of the rctdii, 
as a, and the deflectioji, la, over the curve through A, are 
given ; required \b, h, and the length, t, of the intermediate 
tangent to the two curves. 

Measure the distance (A B) = t between the tangent-points 
A and B, and the greater and lesser acute angles, A' and B', 
bctwciMi AB and the tangents through A and B, and calculate 
the angle, I, of intersection by the rules of problem V, 

1. Solution hg construction (figure 100). Through A and B 
with a radius }.^ i-i-ain. 1.2 I» describe a circle AKB. 

Whon / is a point, the points of coni|:)ound and reversed 
curvature will bo on this circle, as in figure 78, problem XXII. 

Wlien / is not a point, the chords of the arcs will intersect on 
the circle, and tliorofore the sc^lution will Ikj as follows : 

Prom tlie centre i\ with the given radius, a, describe an aro 
AT^i of la degrees, and from Ta produce the tangent in the 
direction Tb, 



PROBLEM XXVn. 159 

From A draw the chord ATa to intersection with the circle 
AKB at K. From B through K draw a line cutting the tan- 
gent from Ta at a point T&. (T5Ta) = t will be the re- 
quired intermediate tangent, and BT5 the chord of the curve 
through B. ^ 

From the middle of this chord draw a perpendicular to 
intersection with the radial line through B at a point Z. 
(ZJB)=6 is the radius of the arc through B, and the angle 
BZT6 is equal to the tangential deflection, 16, over the arc. 

Demonstration, By problem V., the algebraic sum, la-\-lb, 
of the tangential deflections over the arcs is equal to the 
angle, I, of intersection, and by problem VII. the deflection, 
K, between the chords is equal to J^ I whether ^ is a point or 
line. 

If, therefore, through A and B, with a radius J^ t-^sin. J^ I, 
the circle AKB be drawn, the central angle between the radii 
terminating at A and B will be equal to I, and the angle 
between each pair of chords, from A and B, intersecting on 
the circle, wiU be equal to J^ I, and conversely every pair of 
chords intersecting at an angle J^ 1 will cross on the circum- 
ference of the circle AKB. 

2. FormulcB, a and h are the radii; i = (AB) is the distance 
from A to B ; t = (TaT&) is the intermediate tangent ; A' and 
B' are the acute angles between AB and the tangents through 
A and B ; la and lb the tangential deflections over the arcs 
ATa and T&B; I=Ia + I6 the algebraic sum of the tangential 
deflections, determined by the rules of problem V. in terms of 
A' and B', and (C±T) the symbol used in proposition XXV. to 
represent the bearings from an axis CW, at right angles to 
A B, to the radial lines (CTa) and (CT6), equal to the angle 
between AB and the tangent (TaTJ)=^. 

Problem V. Ia+I6=I. (1) 

Problem XXV. (8) and (9) (C±T)=IaH-A=B+I&. (2) 
avers. la— 6. vers. lb=i.sin. (C±T). (3) 
^=a.sin. la-\-b.s\n. Ib-^i.cos, (C±T). (4) 

The signs of the terms in these equations depend upon the 
signs and magnitudes of the angles, and are given, for differ- 
ent forms of curves, in the following table : 
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The plus and minus signs in this table are to be undorstood 
in the arithmetic sense, and the terms are so arranged as to 
give positive results. A negative result will show that the so- 
lution is not possible for the curves shown in the figure to 
which reference is made. 

3. Eocamplea, In the application of the formulae of this 
problem, there are two classes of curves. In one, represented 
in figures 102, 104, and 111, both curves and the intermediate 
tangent are a portion of the alignment. In the other class, 
represented in figures 105, 107, 108, 113, and 115, one of the 
arcs, as TaA, has been run to a point A, from a point Ta on 
a tangent-line, and it is required to substitute a sexjond curve, 
which, starting from a point T& on the same tangent-line, will 
pass through a point B with a given tangential direction. 

Example 1 (figure 102). Reversed Cwrves. — i = (AB) = 1300; 
A'=30'' 30'; B'=4° 00'; I=(A'h-B')=34° 30'; i=1637.3, and 
16 = 9° 28'. 

Required the deflection, la, over the curve through A ; the 
radius, a, and the length, ty of the intermediate tangent. See 
example 1, problem XXVI. 

(1) Ia=lH-W=43° 58'. 

(2) (C±T)=Ia-A'=I6H-B'=13°28'. 

/3\ ^_. / + * . sin. (C ± T) — J . vers. lh\ ^ vers. la ) ^qqq g 
^^ V 302.8 22.3 / vers. 48° 58' ) 

(A\ / _ A*. COS. (C ± T)^o . sin. \a — b. sin. h\ _ or^ a 
^^ V 1264.2 694.8 269.3/" * 

Example 2 (figure 107). Reversed Curves.— i = 400 ; A'= 70° ; 
B'=36°; I = 180°~(A'+B') = 74°00'; 6=819.0; 16 = 53° 52'. 
(See example 3, problem XXVI.) 

(1) Ia=I-I6=74°-53° 52'= 20° 08'. 

(2) (C±T)=Ia4-A'= 180°-(I6 + B')=90° 08'. 

ra^ a=f^' ^^^' (^ ^ T)— 6 . vers. I6\ -^vers. la I _inj« n 
^^ V 400.0 336.1 ; vers. 20° 08' ) "^"*^•"• 

(4) t= — i. cos. (C±T)— a. sin. Ia + 6. sin. 16 ) _^r^ . 
0.93 360.04 661.4 f -'^""•^• 

Eocample 3 (figure 111). Compound Curves.— i= 950; A'= 
8° 00'; B'=7°00'; I = (A'+ B')= 15°; a = 3000; Ia = 5°42'. 
(See example 4, problem XXII.) 
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(1) I&=I-Ia=15°-5° 42'=r 18'. 

(2) (0±T)=A'-la=lJ-B'=3° 18'. 

/o\ 5 _- /*• sin. (C ± T) + a. vers. Ia\ ->vers. 16 ^ _. ^qoq 
^ ^ V 38.13 14.83 / vers. 9.18' ) 

iA.\ f — A • ^^' (C ± T) — a . sin. la — i . sin. Ib\ _ /* -i 
^' V 949.3 298.0 651.1 j~" ' 

jE7'icam/?Ze 4 (figure 113). Compound Curves. — ^Three stations of 
a seven-degree curve have been run to a point A from a point 
Ta on a tangent-line. It is required to shift the tangent-point 
to a point Ih on the same line, so that the curve shall pass 
through a point B with a tangential direction IB. 

i=100 is the distance from A to B; A'=30"00'; B'=:26*'00'; 
I=(A'— B')=4° 00' is the change of tangential direction; I«=: 
21° 00' ; a=819.0. Required the tangential deflection, lb, from 
Tb to B ; the distance, t, from Ta to T&, and the radius, b, of 
the arc TJB. 

(1) 16= la- I = 17° 00'. 

(2) (C±T; = A'-Ia = B'-I6 = 9°00'. 

/Q\ h /— i.sin. (C±T) + a. sin. Ia\-f-vers. 16 )_QQiyA 
^^^ *=l 15.64 54.40 j Yer8. 17» J -*'•''• 

u\ * A- COS. (C±T)+a. sin. la — b. sin. I6\ ^qo t 
^^^ '-(. 98.77 293.36 359.85 )=^^-^- 

T6 is therefore 132.7 feet forward from Ta; the degree, D6, 
of the curve through B is 6° 28'= 6.47°; and the number of 
stations from T6 to B is 17.00° -f- 6.47°= 2.63. 

Example 5 (figure 113)^). The angles and lines are the same 
as in the last example, but the directions of both radii are re- 
versed, so that tlie cui-vo through A becomes concave, and the 
curve tlnough B convex, to AH. 

(1) 16 = la-I = 21° 00'- 4° 00'= 17° 00' ) 

>- as in last example. 

(2) (C±T) = A'-Ia = B'-I6 = 9°00' ) 

/ox 1^ __ / + i . sin. (C ± T) 4- a . vers. la\ + vers. 16 ) _ |gQ« 2 
^'^ V 15.64 54.40 / vers. 17M" 

tA\ 4 A- COS. ((' ± T) — a. sin. la — 6. sin. I6\ 0,^^ ^ 
<^^ '=( 98.77 293.26 468.04 J^^^'^' 

Example 6 (figure 115). Compound Curves. — Centres on dif- 
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ferent sides of AB, and I = 180°- (A' + B'). From Ta, on a 
tangent-line TaTJ, a 5° 30' curve has been run to a point A 
with a tangential direction AI. It is required to shift the tan- 
gent-point to Tb so that the curve through that point shall 
pass through B with a tangential direction IB. 

t=(AB)=200 is the distance from A to B; A'= 87° 00'; B' 
= 86° ; I = 180°— (A' 4- B') = 7° 00' is the required change of 
tangential direction; Ia=44« 00' is the tangential deflection 
from Ta to A; o=1042.1 is the radius of the curve. Required 
the tangential deflection, IJ, from T& to B; the distance, t, 
from Ta to Ti, and the radius of the curve through B. 

(1) I& = Ia-I = 44°-7°=37°. 

(2) (C ± T) = 180°- (A' + la) = B'- IJ = 49° 00'. 

.ox 1 _ /— t. sin. (C±T)+a. vers. Ia\ -s-vers. 16 I = 7Q3 Q 
^ ^ " V 151.0 292.5 / Yers. 37° f 

fA\ / _ A • COS. (C ± T) + a . sin. la — b , sin. 16 \ __ ^oo ^ 
^' { 181.2 723.9 423.1 J-'^''-^- 

In the application of these formulas care must be taken to 
note the characteristics of the curves, observing whether they 
are compound or reversed, whether the centres are on the same 
or different sides of AB, whether the curves are convex or 
concave to AB, and whether the triangle AIB, formed by the 
tangents through A and B and AB, is similar to figure 7 or to 
7a, so that the change, I, of tangential deflection may be de- 
termined in terms of A' and B' by the rules of problem V. 

Example 7 (figure 117). In this case a curve, with radius a, 
has been run from a tangent to a point A, and it is required to 
change the origin of the curve on the tangent so that it shall 
pass through the same point, A, but with a given change, I = 
16— la, of tangential direction. 

» = 0; Ia = 25°00'; a = 2292; 1 = 4° 00'. 



... j 16 = la + I = 
^^ aa = I6-I = 



= 29° 00'. 
25° 00'. 

(3) 6 = a . vers. la -f- vers. 16 = 1714. 

(4) ^ = a. sin. la — 6 . sin. 16=137.7. 



In these formulas the longer radius, a, is the radius of the tw- 
Mi26 curve. 
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Example 8 (figure 118). In this case, the curves terminate, 
with parallel tangents ; i = ( AB), is the perpendicular distance 
between the tengents; A'= B'= 90° ; la = lb, and (C ± T) = A 
— la = 90°- la. 

i = 30; 12> = la = 40°; a = 1146. 

(1) la =16 = 40°. 

(2) (C±T) = 90°-Ia = 50°00'. 

(3) (a — b) = i. cos. la -^ vers. la = i-i- ex. sec. la = 98.2. 
b = a- 98.3 = 1047.8. 

(4) t = (a + i-b).8m. B =82.4 = (a - 5) . tan. 16. 

Note tliat the longer radius, a, in (3), is the radius of the tn- 
side curve. 

Example 9 (figure 119). In this case, a = 6, la = 16, and it is 
required to shift the tangent-point so that the terminal tan- 
gent may be thrown to the right or left by a perpendicular dis- 
tance, p. 

p = 50; Ia = I&=60°00'; 
t =p -i- sin. lb = 57.7. 

This value of t is independent of the value of the equal radii. 

It would, for instance, be the same for 6 stations of a ten-de- 
gree curve as for 12 stations of a five-degree curve. 

In example 8, t varies with the difference, (a—b), of the two 
radii. 



OHAPTEE in. 



PROPOSITIONS, DEMONSTRATIONS, AND 

FORMULuE. 



PROPOSITION I. 

In any algebraic sum, or difference of positive avid negative 
quantitieSy for any one quantity there rtiay he substituted a 
similar quantity of equal magnitude but contrary sign, pro- 
vided that the sign prefixed be changed from plus to minus, 
or from minus to plus. 

If, for instance, the deflection SN.AB is to the right and 
positive, and the equal deflection AB.SN to the left and nega- 
tive, 

±SN.AB==fAB.SN; 

and if, as stated in proposition V., 

AB.CD= H-SN.CD-SN. AB, 
then, AB.CD= +SN.CD + AB.SN= - CD. SNh- AB.SN. 

Such equations are called equivalent, because, although the 
signs of the terms in the second members may differ, their al- 
gebraic sum or difference is the same. 



PROPOSITION II. 
(For examples see problem II.) 

The deflection AB.ABj from any direction to the same di- 
reetion again, uill be either ± 360° or a whole multiple of 
± 860°; andj conversely, if the deflection AB.CD is equal to 

165 
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± 360°, or to any whole multiple of 860°, AB cmd CD are 

one and the same direction. 

It does not, however, follow that the lines on which the 
points are situated would coincide, because the directions AB 
and CD may be the same, while the lines AB and C^I>, al- 
though parallel, may be different. * 



PROPOSITION III. 

(See problem III., example 1.) 

If the deflection BA.BC is equal to ± 180°, A, B, and C are 
on the same straight line, and the directions AB, AC, and BC 
are the same. 



PROPOSITION IV. 

{For examples see problem III.) 

Th^ deflection AB.YZ, from an initial direction, AB, to a 
termirial direction, YZ, is equal to the algebraic sum of the 
positive and negative deflections, AB.CD, CD.EF, . . . , 
UV.WX, and WX.YZ, made in turning from AB to YZ, 
whatever may be the relative positions of the points, aiid of 
the iritersectiojis of the lines AB, CI>, etc.; provided that 
the terminal direction, CD, of any partial deflection, AB.CD, 
is always the initial direction of the deflection, CD.EF, next 
succeeding. 

This and proposition XIII. are fundamental propositions 
from whicli all other propositions of plane linear geometry and 
trigonometry may be deduced. 

Tliis proposition may be expressed by the following formula: 

AB.YZ =AB. CD + CD.EF 4- EF.GU+ . . . -I-UV.WX-+- 
WX.YZ. (1) 

In this formula,. deflections in one direction, as to the right, 
iro to be considered positive, and the sign prefixed to any term 
ich may bo negative must be clianged from plus to miniis. 
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PROPOSITION V. 

{For examples see problem III.) 

The deflection, AB.CD, from AB to CD, is equal to the al- 
gebraic differeiwe of the bearings to CD and AB from a/ny 
third direction SN, provided that the bearing of the initial 
direction AB is made the suhtractive term of the difference, 
SN.CD-SN.AB. 

Formula, AB.CD=SN.CD-SN.AB. (1) 

Demonstration. By prop. IV., SN.CD=SN.AB + AB.CD. 

Therefore, AB . CD=SN. CD-SN . AB. 



PROPOSITION VL 

{For eocamples see problem lY,) 

If the bearings to iwo directions, AB amd CD, be meais^ired 
from different axes, AN and CN', tlie deflection AB .CD unll 
be equal to the algebraic difference of the bearings to CD and 
AB from their respective aooes, plus the deflection from the axis 
AN to the axis CN'. 

Formula. AB.CD=CN'. CD-AN.AB+AN.CN', (1) 

Demonstration. By prop. V., AB.CD =CN'.CD~CN'.AB. 

Also, CN'.ABzztAN.AB-AN.CN*. 

Substituting this value of CN'. AB in the first formula, 
AB.CD=CN'. CD-AN. AB+AN.CN'. 

If AN IS the same direction with CN', the deflection AN.CN' 
is equal to zero, and the formula reduces to the formula^ 
AB-CD=SN.CD-SN. AB, of proposition V, 



168 DEFLECTIONS, LATITUDES* AND DEFABTUBBaS. 

PROPOSITION VII. 

{For examples see problems IL and III.) 

If the algebraic difference of the bearings to two direeiions, 
AB and CD, from any third direction, SN, is equal to zero, or 
to any whole multiple of 360°, AB ami CD are one and the 
same direction. 

Demonstratiofi. Let n be any whole number, or zero, and 
±n.mO° any whole multiple of 360°: 

By supposition, SN . CD-SN . AB= ± n . 360°. 
By proposition V., SN.CD-SN.AB=AB.CD. 

The deflection from AB to CD is therefore equal to ±n.360*, 
which is a whole multiple of 360°, and therefore, by propo- 
sition II., AB and CD are one and the same direction. 



PROPOSITION VIII. 

(For examples see problem IL) 

Two deflections are equivalent when, if measured from the 
same axis of direction, they differ, algebraically, by any whole 
multiple of ± 360°, and of two such equivalent deflections one 
may be substituted for the other in any trigonometric formula. 

Because the substitution, in the second member of an equa- 
tion, of one equivalent deflection for another, will result in an 
equivalent expression for the quantity computed in the first 
member. 

It will bo found convenient, when the measured or calculateil 
value of an angle is greater than 180°, to substitute an equiva- 
lent value less than 180°, determined by the rules of problem 
II., to which reference is made for examples of the appUcatioo 
of this proposition. 

As the difference between two angles of 180° will bo either 

t) or 360°, the sign of 180°, when a term of any trigcmoroetrio 
quation, may bo always changed from plus to minus or from 

nus to plus. 
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As every deflection may be expressed by values which, al- 
though equivalent, may differ in sign and magnitude, the syml 
bol of equality between two deflections is to be understood in 
the sense of equivalence. By the equation, AB.CD=EF.GH, 
for instance, it is to be imderstood that the inclination between 
the lines AB and CD is the same as between the lines EF 
and O0y but the same cannot be alleged with regard to the 
deflections, because they may differ by any whole multiple of 
860^ 

The equality of the inclinations is not, however, to be under- 
stood in the mathematical sense, for inclinations are not quan- 
tities, and one inclination cannot be a part or multiple of an- 
other. 



PROPOSITION IX 

The deflection from AB to CD is equal to the deflection from 
the direction BA, opposite to AB, to the direction DC, opposite 
to CD. 

Formula. AB.CD=BA.DC. (1) 

Demonstration. By prop. IV., AB.CD=AB.BA+BA.DC4- 
DC.CD=±180°+BA.DC±180°=:BA.DC±(0or ±360°), and 
therefore, by proposition VIII., AB.CD is equal, or equivalent, 
toBA.CD. 

In plane geometry, every line is supposed to make four an- 
gles with every intersecting line, and the angles AB.CD and 
BA.DC are called the alternate angles. 



PROPOSITION X. 

TANGENTIAL AND RADIAL DEFLECTIONS. 

(For examples see prohlem V,) 

(Problem V., figures 7 and 7a.) Two tangent lines through 
A and B intersect at I; A' and B' are the acute angles be- 
tween AB and the tangent lines ; the turn from one tangen- 
tial direction to the other wiU be (A' ± B'), or 180°- (A'± B'), 
=1. 
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(Plates 17 to 22.) This turn is to be made over two circular 
arcs, ATa and T6B, having Va^b as a common tangent, la 
representing the tangential deflection over the arc ATa, and lb 
over the arc TbB. 

The curves are reversed when, as in figure 90, the centres, C 
and Z, are on different sides of the common tangetit, and com- 
pound when, as in figures 91 and 92, the centres are on the 
same side. 

The centres are on different sides of AB in figures 104 and 
105, and on the same side in figures 106 and 107. 

I=Ia + I&=:(A'±B') 

When the curves are reversed, with centres on different 

sides of AB ; or when the curves are compound, 

with centres on the same side of AB. 

(1) 
I=Ia+I&=180°-(A'±B') 

When the curves are compound, with centres on diffe- 
rent sides of AB ; or when the curves are reversed, 
with centres on the same side of AB. 

Demo?istrati07i. In any single curve of which C is the centre, 
CA the initial, and CTathe terminal radms, and Ia=AI.ITa 
the tangential deflection, la will be equal to the deflection 
from the initial to the terminal radial direction, provided that 
both are estunated from centre to tangent, or from tangent to 
centre. 

This relation may be expressed by the following formula: 

Ia=AI.ITa=IA.TaI=CA,CTa=TaC.AC. (2) 

In any of the figures, as 104 and 112, in which the two arcs, 
ATa and T^B, arc connected by the common tangent TaT&, 
let the radius through the initial point A be estimated in the 
direction CA, from centre to tangent, and the radius tlirougb 
tlie terminal point B, in the direction BZ, from tangctit to 
centre (Z being the centre of the curve TiB), and let R= 
CA.BZ be the deflection from the initial to the terminal ra- 
dial direction tlms estimated. 

Prop. IV. (1). Ii=CA.BZ=:CA.CTa+CTa.TZ*Z4-T&Z.BZ. 



>i., 



rop. X. (1). CA.CTa=Ia, and TZ;B.BZ=1&, and as la+lb^ 

I, li=I+CTa.T6Z. (3) 
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The radii, CTa and T5Z, being perpendicular to the commoil 
tangent T^aT^b, are parallel. When the curves are reversed, 
as in figure 104, the directions CTa and TJZ are the same, 
and CTa.TbZ=0. When the curves are compound, as in fig- 
ure 112, CTa and TbZ are opposite directions, and, therefore, 
CTa.TJZ=180°. 

Substituting these values of CTa.T&Z, in (3), 

I=R for reversed curves, and 180**+ R for compound 

curves. (4) 

If CN, figures 93 and 94, be a direction from C towards, and 
at right angles to, AB, then, as CN and CA are perpendicular 
to AB and AI, and €]V and BZ to AB and BI, 

CN . C A = AB . AI = ± A'. (Figures 93 and 94.) 



CN.BZ=AB.BI 



±B' for centres on different sides of 
AB. (Figure 94.) 

180° ± B' for centres on the same side 
of AB, (Figure 93.) 



Prop. V. (1). CN.BZ~CN.CA=CA.BZ=R, and substitut- 
ing for CN.BZ— CN.CA its value from the above equations. 



R = 



' (A'±B') for centres on different sides of AB,=I for 
reversed curves. 

180°— (A' ±B') for centres on the same side of AB, 
=180°— I for compound curves. 



From this equation the values of I in (1; are deduced. 



PROPOSITION XI. 

A line is straight when the directions from one point to 
others on the line are either the same or opposite one to the 
other. 

Let A, B, C, . . . , X, Y, and Z, be points on the same 
straight line; (AB), (BC), (CB), . . . , (XY), and (YZi), 
distances from A to Z, measured to and from each of the 
points B, C, D, . . . , X, and Y, and let these distances be 
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positive when measured in one direction, as AB, and negative 
when measured in the opposite direction, BA. 

The distance (AZ) will he equal to the algebraic «ww of the 
distances (AB), (BC), (CD), . . . , (XT), and (YZ). 

The distance (BY) from a point B to a point Y will he 
equal to the algebraic difference of the distances to Y and B 
FROM any third point 0. 

These propositions may be expressed by the following equa- 
tions : 

(AZ)=(AB) + (BC)+(CB)+ . . . +(XY)+(YZ). (1) 
(By)=:(0¥)-(OB). (2) 

In each of these equations, the sign prefixed to any negative 
term must be changed from plus to minus, or from minus to 
plus, and the term in the first member of the equation will 
then be equal to the difference between the sums of the plus 
and minus terms in the second member, with the sign of the 
greater sum. 

In (2), when B is the initial point of the dista.nce (BIT) in 
the first member, <OB) must be the subtractive term in the 
second member. 



PROPOSITION XII. 
(Plate 2, fgure 11.) 

Two straight lines, AB and CB, are parallel when the di- 
rections, AB and CD, are either the same or opposite one to 
the other. 

Two parallel lines will not meet, how far soever they may he 
produced, and all distances, measured in the same DiBECTiONy 
between the lines, will be equal one to the oth^r. 

If, therefore, AWa, BWJ, CNc, . . . , ITKy, and XVz are 
a series of parallel lines, the distayice from ANa to WtNz, mea- 
sured in any direction, will be equal to the algebraic sum of the 
distances meas^ired in the same direction, from AXa to BlVfr, 
from IBSb to CWc, from CSc to I^'Sd, . . . , and YNy to 

Demonstration. — Assuming the equidistance of parallel 
, this proposition may be deduced from proposition XL; 
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for if the straight line, AZ, be drawn across the parallel lines, 
cutting them at A, B, 0, etc., the distances from one parallel 
line to another, measured on this line, will be equal to the dis- 
tances (AB), (BC), (CB), etc., and, by proposition XI., the 
algebraic sum of these distances is equal to the distance, (AZ), 
from the line ANa to the line ZW2?. 

In estimating these distances, those measured in one direc- 
tion, as AB, are positive, and those measured in the opposite 
direction, BA, are negative, and the sign of the algebraic sum 
will show whether the line X^z is right or left of AWa. 



PROPOSITION XIII. 

DEPARTURES, LATITUDES, SINES, COSINES, ETC. 

(Demonstration of problems X, XI. j and XIl.) 

1. Definitions. — Positive and Negative Directions. — In this 
proposition, the right will be positive and the left negative, 
with reference to deflections or other quantities. 

Rectangular Co-ordinate Axes. — These axes are represented 
by the symbols SW and EW, and their intersection is called 
the origin of co-ordinates. The directions^SN and EW have 
the same relation as north and west, the deflection from SN to 
EW being 90 degrees to the right, or 4-90°, and, therefore, 
these terms will be used to indicate the directions of the co- 
ordinate axes; east being right, and west left, of SW, and 
north right, and south left, of EW. 

The letters N and W affixed to a letter representing a point 
will indicate a direction, or line, through the point, parallel to 
the axes SBJ and EW. Thus, for instance, ARia and BJI16 
are lines through A and B, parallel to SBf, and A Wa and 
B W2» lines parallel to EW. 

The co-ordinates of a point are the perpendicular distances, 
right or left, from the axes to the point, positive when mea- 
sured to the right, and negative when measured to the left. 

The distance from SBJ is the ordinate, and the distance from 
EW the abscissa. 

Bq is the ordinate, and 71^ the abscissa, of a point B, one being 
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the distance east or west of SN, and the other the distance 
north or south of EW, 

Departures and Latitudes (fi,^re 19). — A is the initial and B 
the terminal point of a line (AB); ANa and VSb ai'e luies 
through A and B, parallel to SM, and AWa and B W& lines 
parallel to EW. 

The departure, d^^ of (AB) is the perpendicular distance 
from Wa to B]^6, and the latitude, l^ the perpendicular 
distance from AWa to Bl¥&. The departure is, therefore, 
the distance by which the terminal point is east or west of tlie 
initial point, and the latitude the distance north or south. As, 
therefore, by whatever distance A is to the right of B, by that 
same distance B is left of A, it follows that the departure and 
latitude of (AB) are equal in magnitude, but contrary in sign, 
to the departure and latitude of (B A), of which B is the ini- 
tial point. 

TJie line is, therefore, the hypothennse of a right-angled tri- 
angle of ivhich tfie departure and latitude are the perpendicu- 
lars. 

2. Algebraic Sums and Differences of Departures and LaH- 
t tides (figure 19). — (AB) and (BC) are two lines, and (AC) is 
the closing line frOxM A to C. Through A, as the origin of co- 
ordinates, and through B and C, lines are drawn parallel to 
the co-ordinate axes. The departures of (AB), (BO)* and 
(AC) are. the perpendicular distances from ANa to B1V&, 
from B^& to ClVc, and from Wa to CNc, and the latitudes 
are the perpendicular distances from AWa to BW& and from 
B W6 to CWc. If, therefore, d^ and d^ are the departures, 
and l^ and /^ the latitudes, of (AB) and (BC), and e^ and n^ 
the co-ordinates of the point C, equal to the departure and lati- 
tude of the line (AC), 

Problem XI. (1). e^=d^-^dy,, n^=1^+1^, (a) 
(2). d-^=e-d^. K=n,-h, (b) 

As (a) will hold good, whatever may be the number of lines, 
(AB), (BC), . . . , (XY), and (YZ), between the initial and 
terminal points of the wries, the departure of the closing linet 
(AZ), is equal to tho algebraic sum of the departures, and the 
latitude to the algebraic sum of the latitudes, of the setrral lineg 
of the series. From (h) it ft Hows tfuU the departure of a Hnet 
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(BC<), 18 equal to the cdgehraic difference of the departures, 
and the latitude to the algebraic difference of the latitudes, of 
any two lines, (XB) and (AC), from any third point, A, to 
the extremities of (BC), provided th^t the departure and lati- 
tude of the line, (AB), through the initial point of (BC), are 
the subtractive terms of the algebraic differences. These propo- 
sitions may be illustrated by supposing a man to move from 
a point A to a point Z, over a path consisting of a series of 
broken lines or curves. The total departure would be the 
difference of the eastings and westings of the several lines, 
and the total latitude the difference of the northings and 
southings. It remains to consider in what manner the de- 
partures and latitudes of the several lines may be represented 
as quantities which will be parts «f the departure and latitude 
of the closing line. 

3. Sines, Cosines, Tangeiits, and Cotangents (figure 18). — 
a is the length, d the departure, and I the latitude of a 
line (AB), and E and N are the bearings from the direc- 
tions, AN and AW, of the co ordinate axes. These bearings 
are to be estimated, right or left, from 0° to 180°, and not by 
quadrant, or so as to exceed 180°. Divide the line (AB) into 
*'a" equal parts, each of length unity, and through the 
extremities of these parts draw lines parallel to the co ordinate 
axes. The distance, in tlie direction AB, from eacli line to 
the parallel line next succeeding, is unity, and the distances, 
at right angles to the co-ordinate axes, are therefore equal to 
each other. The distances at right angles to the axis AN 
are the departures of the line (AB) in the distance unity, or 
the rates of divergence of the line (AB) from the axis AW, 
and this rate of divergence is called the sine of the bearing E, 
or sin. E, and the total departure in the distance a is equal 
ix) " a " times the departure in the distance unity, or to a . sin. E. 

In the same manner, the divergence of (AB) from the axis 
AW, or the latitude, is equal to "a" times the sine of N, or 
to a. sin. N. 

It is evident that B will be to the right of the axis through 
A when the bearing of AB is to the right of that axis, and to 
the left when the bearing is to the left ; and, therefore, the 
sign of the departure will be the same as the sign of the bearing, 
E, a/nd the sign of the latitude as the sign of N. 

By definition, AW. AN =(+90°) ; and by proposition IV., 
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AW. AB = N = AW. AN -h AN. AB = (+90°) + ( ± E). 

It follows, therefore, that N and the latitude are positive 
for all values of E less than 90°, and negative for values greater 
than 90°, whether E is positive or negative. 

It is, in fact, sufficiently evident, without demonstration, 
that B will lie to the right, or north, of AlV^ when the bear- 
ing of AB from AN, whether to the right or left, is less than 
90", and to the left, or south, when that bearing is greater 
than 90°. 

Tlie bearing, N, from AW is the complement of the bearing, 
E, from the axis AN, and the sine o/ N is called the cosine of 
E, and, therefore, estimating the bearings from AN, the rule 
for the signs of sines and departures, and cosines and latitudes, 
will be as follows : Si^ies and departures have the same signs 
with the hearings, and cosifies and latitudes are positive when 
the hearings are less than 90°, and negative when the hearings 
are greater than 90°. 

Tangents and cotangents. — The tangent of E is the ratio of 
the departure to the latitude, or of the sine to the cosine, and 
the cotangent is the tangent of the complement, 90° ±E, and, 
therefore, 

Tan. E=(a.sin. E)-^(a.cos. E)=(sin. E-*-cos. E). 
Cot. E=sin. (90°±E)-^cos. (90°±E)=(cos. E-*-sin. E)= 



tan. E 



Sines and departures are measured at right angles to an 
axis the direction of whicfh does not change with the directions 
of the lines, and, therefore, the departure of the closing line 
may be regarded as composed of the departures of the several 
lines between its extremities. 

A tangent may be regarded as the rate of divergoncQ> 
measured at right angles with the divergent line (figure 20). 

As, therefore, the directions of the tangential departures 
change with the directions of the divergent lines, tJio tangen- 
tial departure of the closing line is not e(iuul to tlio sum of 
the tangential departures of the several lines between its extre- 
mities. 

The signs of tangents are, therefore, to be determined from 
the signs of the sine and cosines, on the ])rinciple that tho 
sign of the quotient is positive when the signs of the uume- 
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rator and denominator are cUikCy and negative when they are 
Uidiken 

The signs of tangents and cotangents are therefore to be 
determined by the following rules : 

A tangent or cotangent is positive when the signs of the sine 
and cosine are alike, a/nd negative when they are vnliJce, and, 
therefore, tangents and cotangents have like signs to bearings 
less than 90°, and unlike signs to hearings greater than 90°. 

In all trigonometric formulae, the sums and differences are 
algebraic, and, in applying the formulae, the sign prefixed to a 
term which is negative must be changed. 

When the term is a single quantity, the signs are determined 
by the above rules; but if the term is a multiple or quotient of 
two factors, it will be positive when the signs of the factors 
are alike, and negative when they are unlike. 

Sines, cosines, €tc., are generally treated as functions of 
circular arcs, and, as they may be regarded as rates of diver- 
gence, or divergencies in a distance unity, they may be readily 
represented by means of a circle with a radius unity, but they 
are, in reality, ratios between the lengths of straight lines, and, 
like angles, have no necessary connection with circles. 

4. Formuloe of problem XL — These formulae are based upon 
the following propositions, which have been explained in the 
preceding articles: 

The closing line, from the initial to the terminal point of a 
series of intersecting lines, is equal to the hypothenuse of a 
right-angled triangle, the perpendicular of which is equal to 
the algebraic sum of the departures, and tJie base to th& algebraic 
sum of the latitudes, of the several lines composing the series. 
TJie bearing of the closing line is equal to the acute angle of 
this triangle, opposite to the perpendicular, when the sum of the 
latitudes is positive, and to the supplement of tliat angle when 
the sum of the latitudes is negative. 

The sign of the bearing is the same with the sign of the sum 
of the departures. 

Formula (3) is based on the following proposition deduced 
from the above : 

The departure of a line, (FC), is equal to the algebraic dif- 
ference of the departures, and the latitude to tJie algebraic dif- 
ference of the latitudes, of two lines, ( AF) a/nd (AC), from a/ny 
third point, A, to the extremities of (FC), provided that the 
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departure and latitude of the Ufie (AF), through the initial 
pointf F, o/(BC), le made the subtractive terms of the alge- 
braic differences. 

These propositions may be expressed by the following for- 
mulae: 

(AB), (BC), (CD), . . . , (XY), and (YZ) are a series of 
intersecting lines ; a, &, c, . . . , x, and y, are the lengths, and 
A, B, C, . . . , X, and Y the bearings, of the several lines, of 
which A, B, C, . . . , X, and Y are the initial points. Z is the 
bearing, and z the length, of the closing line from A to Z. 

b. sin. B is the departure, and b, cos. B the latitude, of the 
line (BC), and e^=(z.sin. Z)is the departure, and n^={z, cos, Z) 
is the latitude, of the closing line (AZ). 

The departure and latitude, and length and bearing, of the 
closing line are determined by the following formulaB: 

ej = a.sin. A + J.sin. B-f- . . . -f a;, sin. X-f y.sin. Y' 



^2dy, 

Wg = a.cos.A + &.cos. B+ . . . -f a;.cos. X+ y.cos. Y 

= 211 



(I) 



From the departure and latitude thus determined, the bear- 
ing and length are obtained by either of the formulae (2) or (3). 
The latter is based upon the proposition, demonstrated in arti- 
cle 5, that the square of the hypothenuse is equal to the sum of 
the squares of the perpendicular sides of a right-angled tri- 
angle. 

Tan. Z=e,-5-/i,. ) .g. 

z=e^-hsin. Z=n^-h cos. Z. > 

sin. Z={e^-i-z). cos. Z=(n^-i-z), ) 

(AF) and (ACJ) are two lines extending from A to the extre- 
mities of a third line, (FC), of which F is the initial point. 

Cp and rip is tlio departure and latitude of (AF), e^ and n^, 
of (AC), and df and If of (FC). The length and bearing of 
(FC) may be determined by (5) or by (6). 

<?f=(«o-^')- 'f=('»c-^F)- W 

Tan. SX.FC=(e^-fr)-*-(nc- V- ) «^ 

(FC)=(ec-Cp)+ sin. SN.FC=(»c-»y)-*-cos. SN.PC. f ^ ^ 
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sin. SI^.FC=(ec-^c )-*-(FC). 
COS. SN.FC=(w^j-Wp)-5-(FC). 



(6) 



In (1), departures have the same signs with the bearings, and 
latitudes are negative when the bearings are greater than 90°. 

In (3) and (3), if Z' is the acute angle corresponding to the 
numerical value of the tangent, Z is equal to Z' when the lati- 
tude, Wj, is positive, and to (180°— Z') when n^ is negative. 

In (4), the departure, 6^, and the latitude, n^ of the line 
(AF), through the initial point of (FC), are the subtraetive 
terms of the algebraic differences in the second members of the 
equations. In (5) and (6), Z is obtuse when {n^—n^ is nega- 
tive, and has the same sign with {e^—e^, 

5. Problem XIL Triangles have three sides and three an- 
gles, and if a side and two other parts are given the remaining 
parts may be determined. 

In the solution of the general problem there will be four dif- 
ferent cases, in which the parts given are as follows: 

(1) A side and two angles. 

(2) Two sides and an opposite angle. 

(3) Two sides and an included angle. 

(4) Three sides. 

(Figures 25 and 26.) A, B, and C are the three angles, A 
being obtuse in figure 26. 

The three sides are, (CB)=a, opposite A; (AC)=&, oppo- 
site B ; and ( AB)=c, opposite C. 

If two angles are given, the third may be determined by the 
formula, 

A+B+C=180°. (a) 

(Figure 22.) Refer the sides to any pair of rectangular axes, 
and let (AB) be the closing line to the sides (AC) and (CB). 

(1) Articled Dep. of (AB)=aep. of (AC)+dep. of (CB). 
Lat. of (AB)=lat. of (AC) + lat. of (CB). 

Assuming A as the origin, and AB as the axis, of co-ordi- 
nates, the bearings, lengths, departures, and latitudes of the 
lines are as follows: 
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AB.AC=A. (AC)=6. dep.=&.sin. A. lat.=ft.co8.A. 
AB.CB=(-B). (CB)=a. dep.=(~a.sin.B) lat.=a.cos.B. 
AB.AB=0. (AB)=:c. (lej).=0. lat.=c.cos.O=c. 

In these equations, the departures, a. cos. B and b, cos. A, 
will be negative when the angles are greater than 90**. 

Equating the departure and latitude of the closing line, 
(AB), with the algebraic sum of the departures and latitudes 
of (AC) and (CB), the following equations are deduced: 

(3) Article 4 b. sin. A— a. sin. B=0. b, cos. A+a.oos. B=c. 

Therefore, a. sin. B=5.sin. A. (b) 

a. cos. B=c— 6.C0S. A. (c) 

Tan. B=&.sin. A-j-(c--&.cos. A), (d) 

Cases 1 a7id 2. When a side and two angles, or two sides 
and an opposite angle, are given, the remaining parts may bo 
determined by (a) and (b), as shown in (9) and (10), problem 
XIII. 

Case 3. When two sides, a and 6, are given, and the includ- 
ed angle C, the angle B is determined by (d), changing the sign 
of 6. cos. B in the denominator when A is greater than 90". 

Formula (11), problem XIII., is, however, better suited for 
calculation by logarithms, and is obtained in the following 
manner: 

(Figure 27.) a and b are the given sides, and the axis CW, 
from C as the origin, bisects the included angle C. 

By (4), article 4, tlie departure and latitude of (AB) are 
equal to the algebraic differences of the departures and lati- 
tudes of two lines, (CA) and (CB), from any point C to tho 
extreniities of (AB). 

Calling right negative and left positive, and representing the 
length and bearing of (AB) by Z and z, the bearings, lengths, 
departures, and latitudes of the sides of the triangio are as 
follows: 

CX.AB = Z. (AB) = 2:. dep. = 2:. sin. Z. lat.=:«. cos. Z. 
CX.CA=(-i^C). (CA) = 6. dep. = (-6.sin. JiQ. lat.= 

(4-&.eos. J^C). 
CX.CB = (-i-i^C::). (CB)=a. dep.=(-ha.8in. J^C). lat.= 

(+a.cos. J^C). 
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Equating the differences of the departures and latitudes of 
(CB) and (CA), with the departures and latitude of (AB): 

Art. 4. (4) z.sin. Z={a-{-b) .sin, J^C. ^.cos. Z=(a—b) .gos.}^C, 

(5) Tan. Z=tAn. i^C.(a+6)-f-(a~&). 

(6) z={a-hb).sm. J^C-s-sin. Z=(a— 6). cos. J^C-i-cos. Z. 

The side, z=Cf being thus determined, A and B may be cal- 
culated by (b), or directly from Z, in the following manner: 

As cot. Z=l-^tan. Z, and cot. }^C=l-T-tan. ^C, the equa- 
tion above may be placed under the following form: 

Cot. Z = cot. ^ C . {a-b)Ma+b). (e) 
C=180°-(A+B), and, therefore, i^C=90°-J^(A+B). 
Z=CN.AB=CN.CB+CB.AB=3^C+B=90°-i^(A-B). 

Therefore cot. Z = tan. J^ (A — B), and cot. J^ C = tan. 
J^ (A— B), and substituting these values in (e). 

Tan. ^ (A--B)=tan. }4 (A+B). (a-b) -^ (a+b), (f) 
A=:>^(A+B)+i^(A-B). B=K(A+B)-J^(A-B). 

Case 4. For the solution in tliis case, it is necessary to prove 
that the square of the length of the hypothenuse of a right- 
angled triangle is equal to the sum of the squares of the lengths 
of the base and perpendicular. 

This is generally deduced from the proposition that the area 
of the square described on the hypothenuse is equal to the sum 
of the areas of the squares described on the other sides. 

The squares described on the sides are not, however, the 
squares of the lengths of the sides, and, although, one propo- 
sition may be deduced from the other, they are not identical, 
and the proposition may be demonstrated without reference to 
units of area. 

(Figure 22) (c). c=a. cos. B-f-^.cos. A, and multiplying both 
members of the equation by c, 

c^= c . a. COS. B+c . b . cos. A. (g) 

When C is a right angle, A = 90"— B, and cos. B = sin. A, 
and substituting this value of cos. B in (g), 

c*=a . c . sin. A-hb , c , cos. A. (h) 
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Ill this case, c is the hypothenuse; a=c . sin. A; b=c . cos. A, 

and substituting these values in (h), 

c2=a«+J«. (i) 

By means of this proposition, the formula for case 4 may be 
obtained as follows : 

(Figure 22.) From the vertex, C, of the triangle ACB, let 
fall on the base, (AB), the perpendicular, (CW)=/?, dividing 
the base into two segments, (WB)=y and (WA)=^. 

In the two right-angled triangles, ACW and BCW, 

Subtracting one equation from the other, (6*— a?)^{z^-— y«), 
and, therefore, 

{z—y)—{J)+a) . {Jb—a)-^{z-\-y)=c, and % iz+y) -f H{z—y)=z^ 

9,xidi %{z-\-y)-mz-y)=y, 

z is the base of the right-angled triangle CAW, and y the 
base of the right-angled triangle CBW, and, therefore, 

Cos. A—z-^hf and cos. B=y-i-a. 

Substituting x for {z—y\ this is the same with (12), problem 
XII. 

5. Trigonometrical Formulce, — The following formulae are 
identical with, or deduced from, the formulas of the preceding 
article : 

(b) a.sin. B=&.sin. A. (c) c=a.cos. B+&.cos. A. 

(f) (a-5)-f-(a+&)=tan. % (A-B)-*-tan. ]4 (A+B). 
(i) c^=a^-{-h\MQ=m\ 

If a, in (b), bo made equal to sin. A, h will be equal to sin. B, 
and, in the same manner, it may be shown that c will be equal 
to sin. C. 

Therefore, as one angle is the supplement of the sum of tlie 
two others, and the sine of the angle is equal to the sine of the 
supplement, thore may be substituted in the formulae for the 
sides of the triangle, sin. A = sin. (B + C) for a; sin. B = 
sin. (A-f C) for 6; and sin. C=sin. (A -f- B) for c, as shown in 
figure 23. 

The following equations are obtained from the above by 
making these substitutions, witii the understanding that the 
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substitutions are to be made for every side which enters into 
the equation, and not for one side only: 

From (c), sin. C=sin. (A4-B)=sin. A. cos. B+sin. B.cos. A. 
From (f), (sin. A — sin. B) -5- (sin, A + sin. B) = tan. % (A— B) 
-4-tan. % (Ah-B). 

In-(f), if B=90''-A, 0=90^ cos. B=sin. A; sin. B=cos. A, 
and substituting these values in (c) : 

sin. (C=90°)=l=sin.2A+cos.2A. 

From this formula may Jjg^ deduced the proposition that the 
square of the hypothenuse of a right-angled triangle is equal to 
the sum of the squares of the other sides, and, conversely, as- 
suming this proposition, the formula may l^e obtained by sub- 
stituting, in (i), sin. (C = 90°) for c, sin. A for a, and sin. B = 
COS. A for 6. 

These, and the formulae of preceding articles, are given as 
examples of the application of the theory of departures and 
latitudes. 

In the succeeding article there are given, for reference, 
such formulae as may be required for the demonstrations of the 
problems of chapter III. 

6. Formulmfor Reference in Demonstrations of Problems. — 
In these formulae, the signs prefixed to the terms are applicable 
only when the terms are positive, and must be changed when 
they are negative. 

The angles are to be considered as bearings, estimated, right 
or left, from 0° to 180', and not by quadrant, or to exceed 

l80^ 

Sines are negative when the bearings are negative. 
Cosines are negative when the bearings are greater than 90**. 
Tangents and cotangents have like signs to bearings less than 
90°, and unlike signs to bearings greater than 90°. 

sin. A=3 sin. % A . cos. % ^' W 

tan. A = sin. A -f- cos. A. (8) 

vers. A=l— cos. A=2 sin.^ J^ A. (9) 

vers. (180°-A)=l+cos. A=2 cos.^ J^ A. (10) 

sin. (A±B)=sin. A cos. Bicos. A sin. B. (11) 

COS. (AiB)=cps. A cos. BTsin. A sin. B. (12) 
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sin. A-f sin. B=2 sin. 3^ (A+B). cos. % (A-B). (13) 

sin. A-sin. B=2 sin. % (A-B). cos. % (A-f-B). (14) 

COS. B+cos. A=2 COS. % (A-f B). cos. J^(A— B). (15) 

COS. B-cos. A=2 sin. % (A+B). sin. J^(A-B). (IG) 

tan. A ± tan. B = sin. (A ± B) -f- cos. A cos. B. (17) 

cot. B ± cot, A = sin. (A ± B) -*- sin. A sin. B. (18) 



PROPOSITION XIV. 
(Demonstration of problem XVLf flgv/rea 47 to 63.) 

1. All problems in relation to curves intersecting at given 
angles, or touching at points of compound or reversed curva- 
ture, may be solved by means of the following proposition: 

If, with any radius, a circle be dravm through two points, 
A and B, then every pair of curves from A amd B, crossing on 
that circle, yyill intersect at the same a/ngle, if from the same 
pair of tangent-lines at A and B ; but if, from different pairs 
of tangent-lines, intersecting at Ii and la, two pairs of curves 
be draw7i to intersection at Fj and Fa on the circle through A 
and B, the algebraic sum, (Fi-f Ii),o/ the two defleetiona between 
the pairs of tangents intersecting at Fi and Ii will be equal to 
the algebraic sum, (Fa-f-Ia), of the deflections between the pairs 
of tangents intersecting at Fa and la. 

2. Demonstration (figure 47). Through A and B, from the 
same or different pairs of tangents, draw to intersection on tho 
circle AFB, at Fi and Fa, two paii-s of curves, and from Pi 
and Fa draw chords to A and B, forming tho triangles APiB 
and AFaB witli a common base (AB), and let be the centre 
of the circle AFB, and Ki and Ka the angles, at the vertices of 
the triangles, subtended by the arc AB. 

By (2), problem VIII., the deflccti(m between the chords 
intersecting at Ki is equal to % (Ii-i-Fi), and the deflection 
between the chords intersecting at Fa, to J.^ (Ia+F») ; and as 
the two pairs of chords intersect on the circumference of the 
circle AFB, and the angles batwetMi them are subt^inlcd by 
the same arc, AB, they are each ofpial to half the central angle, 
'lOB, subtended by that arc, and, therefore, if r = (OA) = 
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(aB) = (OF) is the radius of the circle ABF, and (AB) = i 
is the chord subtending the angles Ki and Ka, 

(Ii H- Fi) = (la + Fa) = AOB. (a) 

Fa = Fi -h (Ii - la), (b) 

r = 3^*-hsin. >^(I-f F). (c) 

From (b) it follows, if Ii is equal to la, that Fi will be equal 
to Fa, and, therefore, every pair of curves from the same tan- 
gential directions will intersect on the circle AFB at the same 
angle. 

If the two pairs of curves are from the same tangent-Ztnes, 
but with centres on the same side of AB in one case, and on 
different sides in the other, as for the two pairs intersecting at 
Fi and Fa, figure 47, then, by problem V., Ia=-(180°-Ii), 
which, by problem II., is equivalent to 180°H-Ii, and substi- 
tuting this value of la in (b) gives Fa equal to 180°— Fi, so 
that, although the deflections Fi and Fa are supplements one 
of the other, the angles are the same. 

It therefore follows that all pairs of curves, from the same 
tangent-lines, whether li is equal to la or to 180°— la, will 
cross on the circumference of the circle AFB at the same 
angle. 

If, in (b), Ia=(Ii H-Fi) or 180°-(Ii + F,), then Fa will be 
equal to 0° or to 180°, and, therefore, Fa will be a point of com- 
pound or reversed curvature for the pair of curves from the 
tangents crossing at la. In figure 47, for instance, the curves 
cross at an angle Fi, and Ii is equal to (A'l- B'l). In figure 48, 
the direction of the tangent through B is changed, so that the 
angle B'a is equal to (B'l— Fi), and, therefore, la is equal to 
(A'l— B'l) + Fi, and Fa to zero. All pairs of curves, from the 
tangents through A and B, will, therefore, touch at points of 
compound or reversed curvature on the circle AaFaBa. 

It does not, however, follow, because all pairs of curves 
-from the same tangents, and crossing on the circle AFB, will 
intersect at the same angle, that all curves which intersect at 
that angle will cross on the same circle, because the sum, 
(I + F), is algebraic, and every pair of curves intersects at two 
points, for which the signs of F are different, although the 
magnitudes are the same, and, therefore, the angle between the 
chords from A and B to the intersection at F, and the ius. 
r, of the circle AFB, will be % (I+F) and J^i-^-sin. % \^i-\ 
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in one case, and J^ (I— F) and J^^-^sin. J^ (I— F) in tho 
other. In fi^re 51, for instance, the angles between the cross- 
ing tangents of the four pairs of curves are the same in magni- 
tude, but tlie signs of the deflectione are different on tho upper 
and lower circles, the radii being %i-^ sin. 3^ (I 4- F) for the 
former, and I2 * -^ i^in- % (I~"^) for the latter. 

In figure 49, the radius 6 is infinite; the curve through B, 
and the chord, BF, coincide with the tangent BI ; the deflec- 
tion over the curves, and between the chords, is (F— I) and 
}^ (F-fl) for the right-hand crossing, and (F + I) and 3^(F-I) 
for tho left-liand. 

It is also to bo observed that the deflection F may be obtuse 
and equal to 180"— F', or acute and equal to F', and, for the 
same value of I, the radius of the circle AFB would be 
3^ i -r- cos. 1^ (I+F') in the one case, and J^ t-s-sin. J^ (I— F') 
in tlie other. 

There will be, therefore, four circles, with radii J^ t -«- sin. 
K a + n i^i-sin. 1^ (I-F'), 1^1-^ cos. J^ (I + F'), and 
J^*-f-cos. 1^ (I— F'), on each of which tho curves from the 
same tangent-lines will cross at the same angle, but with 
deflections differing in sign or magnitude. 

3. Demonstration offormuhe of problem XVL (figure 47). 

These formula? are based upon the relations between the 
sides and angles of the triangle AFB inscribed in tlje circle 
AFB, and the triangle AIB formed by the chord (AB) and the 
tangents through its extremities. 

(AB) = i is the distance from A to B ; I and F are the 
deflections between the tangents crossing at I and F; Xa and 
Xh are the deflections over the arcs crossing at F ; k^={AW) 
and A-b = (FB) are the chords, and a and b the radii of tho 
arcs; r = (\0) is the radius of the circle AFB; o = (BIO) 
is th(^ perpendicular distance to its centre, O, from the middle 
of ( AB); and A' and B' are the greater and lesser acute angles 
iH'twcen AB and the tangents AI and BI. If the letters A 
and B are us<'{l without accents, they refer to the interior 
angles at the base of the triangle AIB when, as in the upper 
curves of figure 51, the arcs extend towards I from AB, and 
to th(> supplements of those angles wlien the arcs, as in tho 
lower curves, extend in the op|>or<ite direction. 

As AI and BI are the tangents to tlie arcs AF and BF,the 
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deflection from the tangents to the chords will be i^ Xa and 
% X6, and the angles ABP and BAF, of the triangle ABF, 
are expressed in terms of A, B, Xa, X6, by the following 
formulae : 



BAF= \ 



ABF=: \ 



A 4- 3^ Xa when the curve through A is con- 
vex to AB. 

A — J^ Xa when the curve through A is con- 
cave to AB« 

B -hj^ X6 when the curve through B is con- 
vex to AB. 

B — yi^ when the curve through B is con- 
cave to AB. 



i-d) 



In figure 47, for instance, the arc AFi is convex, and BAF= 
A + 3^Xa; the arc AFa is concave, and BAFa^A— J^ Xa. 

In the lower pairs of curves, in figure 51, the angle ABF is 
equal to 180°— B—J^ X6 when the curve through B is con- 
cave, and to 180°— B+ 3^ X& when it is convex. 

As either angle of a triangle is the supplement of the sum 
of the others, the following equations are obtained by giving 
to BAF and ABF their values from (1), and representing AFB 
by K: 

BAF=A+i<^Xa=180°-(K+B)-i^X5. \ ,p. 
ABF=B+i^ X& =180°-(K+i\)-i^Xa. S ^'^ 

Representing, in these equations, 180°— (K+A) by Oa, and 
180°-(K-fB) by 0&, the values of BAF and ABF will be as 
follows : 

BAF=05-K X5. ABF=Oa-i^ Xa. (2a) 

As the central angle AOB, subtended by the chord, (AB)=i, 
of the circle AFB, is equal to (I + F), the values of r and o will 
be: 

o=(MO)=i^*. cot. 1^ (I+F). [ ,px 
r=(OA)=Kt-^sin. K(I+F). \ ^ ^ 

In the inscribed triangle AFB, each side is a chord subtend- 
ing the opposite angle, and (AF) and (BF) are also cliords of 
arcs with radii, a and 5, and as a chord is equal to twice its ra- 
dius multiplied by the sine of the su1)tendcd angle, 
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{AV)=Jc^=2.r.sm. (B+i^X6)=2. r.sin. (Oa-J^Xa)= ' 
2. a. sin. J^Xa. 

(BV)=l\=2.r.sm.{A + ^Xa)=2,r.sm. (05-J^X5)= 
2.r.sin. ^{Xb. 



(4) 



From these equations it follows that r. sin. (Oa— 3^Xa)= 
a. sin. l^Xa. 

Substituting, in this equation, sin. Oa . cos. J^ Xa — cos. 
Oa.sin. J^Xa, for sin. (Oa — J^Xa), and dividing by sin. 
Oa. sin. J^Xa, 

Cot. 3^Xa— cot. Oa=:a-5-r. sin. Oa. 

In the same manner it may be shown that, 

Cot. 3^X6— cot. Oh=h'i-r . sin. 06. 

. ( Cot. 3^Xa=a-f-r. sin. Oa+cot. Oa. ) .^ 
' ' i Cot. ^Xb=:h-^r. sin. 0&4-cot. Ob.) 

Generally the first term of the second members of these 
equations will be positive, and the second term positive for 
convex, and negative for concave, curv^es; but there are ex- 
ceptions to these rules, and to determine the sig^s in any 
particular case the magnitudes of the angles must be deter- 
mined and the proper signs prefixed according to the rules 
given in proposition XIII., article 6. With regard to the 
method of determining these angles, see succeeding article. 

When one of the angles, Xa or X6, has been obtained by 
(5), the other is determined by the following formula: 

Problem VIII. (1). Xa4-X&=(I-F). (6) 

Tlio radii, a and b, are determined by the following for- 
mula?, derived from (4): 



a= 



6^' 



>. sin. (Oa-}4Xa)-i-sin. i^Xa=r . sin. (B+J^Xft) ^ 
-7-sin. J^Xa. 

j b . sin. (Oa- i< Xa) . sin. }i Xb -i- sin. {Ob - J^ Xb) 
[ . sin. ^2^a. 

f r . sin. {Ob-l^Xb)-i-siu. }iXb=r. sin. (A-fJ^Xa) 
-f-sin. 1.^X6. 

a . sin. {{)h—y^Xb) . sin. J^Xa-f-sin. (Oa— J<JXa) [ 
. sin. }i Xb. " J 



(7a) 



(7b) 
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In these equations, (Oa-J^Xa)=(B-Hj^X6), and (Ob-^Xb) 
=(A+3^Xa), are the angles ABF and BAP of (1) and (4). 

4. Angles Oa and Ob, — The magnitudes of cot. Oa and 
cot. 06, in (5), may be determined from the followipg consid- 
erations: 

(2) ABE;^180°-(K4-A)-3^Xa=Oa-3^Xa. 

In this equation, making Xa equal to zero gives Oa as the 
value of the angle ABF. When Xa=0, the radius, a, is infi- 
nite, and the arc AF coincides with its tangent, AI, the inter- 
section being on that line at the point Fa, figure 47. If, there- 
fore, in any figure, a line be drawn from B to the point. Fa, at 
which the circle AFB cuts the tangent AI, Oa will be equal to 
the angle ABFa. 

This angle, being subtended by the chord (AFa), is equal to 
half the central angle AOFa subtended by that chord, or to the 
angle which the tangents of the circle AFB makes with the 
chord at its extremities, A and Fa. In this case the arc coin- 
cides with its tangent, and Oa is therefore the angle between 
the tangent of the arc AF and the tangent of the circle AFB ; 
and as every pair of arcs from the tangents through A and B 
will cross on the circle AFB at the same angle, whatever may 
be the radii, Oa is also the angle at which the tangent of the 
circle AFB crosses the tangent of the arc AF at every other 
point of intersection. 

Oa may, however, be determined more readily as the angle 
between the chord AFa and the tangent of the circle AFB at 
their intersection, A. 

The bearings, or deflections, of this tangent and chord from 
AB are 3^(I+F) and A; and as, by proposition V., the de- 
flection from one to the other is equal to the algebraic dif- 
ference of their bearings, Oa = A — 3^(l4-F). In figure 47, 
1= +(A'-B'); F=+F; i^ (I+F)=i/(A'-B'-+- F'); A=180° 
— A' ; and as the chord and tangent are on different sides of 
AB, Oa=A-h3^(I + F)=180°-A'+3^(A'-B' + P') = 180°- 
3^(A' + B'— F'). The value of 0&, obtained by the same pro- 
cess, will be as follows: 

0&=B+i^(I + F)=B'+}^(A'-B'H-F')=M(A'+B'-|-F). 

It will be seen that Ob differs from J-^ (I + F) in the signs of 
B' and F', and from Oa in the sign of F'. 
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This rule is general, whatever may be the values of I and F, 
and is expressed in formulae (6), (7), and (8), problem XVI. 

These formulae do not, however, determine whether J^ (A' ± 
B' ± F') is the angle Oa or Ob, or the supplement of Oa or 06, 
and do not, therefore, determine the signs of cot. J^ Oa and 
cot. }i Ob in (5). 

lu table III., problem XVI., the signs and values of I, F, 
cot. Oa, and cot. Ob are given for the different forms of curves 
in tlie figures to which reference is made. It will be seen that 
the difficulty of application is in the determination of the signs 
of the cotangents of Oa and Ob in the formulae for Xa and Xb, 
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TUEN-OUTS, SIDINGS, AND CROSSINGS FROM RAILEOAD-TRACKS. 

(Demonstration of fornfiulce, of problem XVIII.) 

1. These formula? are the same with those of problem XVI., 
except that the symbols used to represent some of the quanti- 
ties arc different. 

Turn-outs from Smtches (figure 59). g is the gauge ; s the 
throw; S the switch angle; a and Da the radius and degree of 
curvature of the main-track rail crossed by the turn-out rail ; 
b the radius, and D6 tlie degree, of the turn-out rail ; A is on 
the main track, and B on the turn-out rail, at end of switch ; 
(\H)=i={g—s) is the distance from A to B ; A'=90°, and 
B' = (90°— S), are the acute angles between AB and the tan- 
gents AI and BI, the former parallel, and the latter at an 
angle, S, to the main-track tangent AI, from the end, or toe, 
of the switcli ; Xa and Xb are the tangential deflections over 
the crossing arcs, AF and FB. and k^=(\F) and A:|,=(BF) 
are Mie cliords, or frog-distances, from A and B to the cross- 
ing, F, of the two arcs ; 1=S is the deflection between the 
tangents crossing at I, and F, called the frog-angle, is the 
angle between the tangenls crossing at F. is the centre, 
\nd r the radius, of the circle AFB, and o the distance to 0, 
t right angles io (AB), from its middle point. 

The turn-out is to the inside when to the concayity of the 
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main track, as for the curves crossing at Fi, and to the out- 
side when to the convexity, as for the curves crossing at Fa 
and Fs. When the turn-out is to the inside, AFi is convex, 
and BFi concave, to AB ; and when to the outside, AF2 or 
AF3 is concave, and BFa concave and BFs convex, to AB. 

The formulae of table III., problem XVI., apply to turn-outs, 
by substituting 90° for A', 90°-S for B', (g-s) for i, and for 
I the switch-angle, S, when the turn-out is to the inside, as in 
figures 51 J^ and 593^, and 180"— S when the turn-out is to the 
outside, as in figures 53 and 593^. 

n=%Goi. 3^ F is the frog-number for an angle F. (1) 
o=y^{g— 8). dot, 3^ (F+S)= distance from middle of (AB) to 

centre of circle ABF. (2) 
r=z^{g — 8)-^ sin. 3^ (F + S) = oXcos. % (F+ S)=radius of 

circle. (3) 

Case 1. When a is infinite, and the main track, there fore, 
straight. 

In this case, for distinction from a cui*ved main tracic, let 
(AF5) and (BFs) be the frog-distances, and h^ and Ds the ra- 
dius and degree of the turn-out curve. 

(AFs)=:3 . o=(BF5) . COS. i^(F + S). ) ,.. 
(BF5)=2.r=(AFs)-f-cos. i^(P+S). ) ^ ^ 



y (5) 



\= r -5- sin. }4 (F- S) = (^-s)-j-(cos. S-cos. F)=(AF5) 
-i-(sin. F— sin. S). 

Sin. 1^ Ds = 50. sin. ^ (F^S)-hr = 50 . (cos. S - cos. F) 

Mg-s). 

Cos. F=cos. S—(g—s)-i-\=cos. S— 2 . (g—s) . sin. J^ Ds^ 
-^100.^ I 

Sin. F = sin. S - 2 . -- &,z= sin. S - (AFs) . sin. ^Ds\ ^ 
-f-100. 

Case 2. When the main-track rally AP, is curved. 

The turn-out is to the inside when AF is convex to AB. 
" ** outside ** concave ** 

When a double sign is prefixed to a term of the following 
equations, use the upper sign when the turn-out is to the in- 
side, and the lower sign when it is to the outside. 
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Cot. ^Xa=[a±}4(g^8)]-i-o. (7) 
3^X&=3^(F-S)±KXa. (8) 

r . COS. 3^ Xa _ a±U{g-'S) 

^ - sill. 1^X6 a . (COS. S-cos. F) ^ V. (9) 

; r i COS. O 

(AF) = A;^= 2 . a . sin. }iXa = (BF«) . cos. (S + J^ X6). > ,.gv 
(BF) = k^=2 .b . sin. J^X& = (BFs) . cos. }4Xa. ) ^ ^ 

' ^joB s (<y-^ • [g ± &C08. S ± H (y-g)] 

a. 6 
Cos. F= ] y (11) 

^Qg g 2 ■ (<7-<?) . (sin. ^ D5 . c os. S ± Bin. ^ Da) U (g-8)^ 

100 a. ft 

In (7), a± J^C^'— s) is the radius of a curve through the mid- 
dle of (AB), differing only by }^s from the radius of the centre 
line of the main track, and cot. }^Xa may, therefore, be assumed 
to vary directly with the radius, and inversely with the degree, 
of the curve of the centre line of the main track. 

In (8), when the turn-out is to the outside, the turn-out 
curve, BF2 (figure 59), will be concave to AB when (F— S) is 
greater than Xa, and convex when it is less, as for the curve 
BF,. 

In (10), (BFs) = 2 . r is the frog-distance for a straight 
track, calculated by (4). 

2. Three-throiv, or DmibUy Swiiches (fig\n*e 68). — ^When turn- 
out s are made from the same switch to both sides of a track, 
the frog at the intersection of the turn-out rails is called the 
middle frog, and the switch a three-throw, or double, switch. 

In this case. A" and B", each at a distance 8 from the main- 
track rail, are the junctions of the switch and turn-out rails; 
(A''B'')=?'=(/7-2s) is the distance from A" to B" ; A'rr B'= 
90°-S; r=A'' + B''=180°-2S; F=180'*-F'. and the equa- 
tions are those of figure 56, table III., problem XVI. In the 
formuhe, F" will represent the middle frog-angle, and Fa and 
F6 the frog-angles on the main tra(!k; O" and r' the centre 
and radius of the circle A'B'F", and o* the perpendicular 
distance to its centre from the middle of (A'B"). 

r/=i^ {g-2s).co\. ^ (F''-h2 S). (12) 
r'^yi (g-28)^sm. % (F'-h2S). (18) 
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Case 1, The main track straight ; a''=b'', and Fa = FJ = F. 

In this case, F' may be determined in terms of (^—28) and 
F, or in terms ot (g — 2s) and the main-track frog-distance 
AWs), as follows: 



Cos. %¥'= ^ 



cos s ^ (S^-^^) • (^Qs- S-cos. F) 

^(^-28).(sin.F--sin. S) 
cos. S ^^^ 



(14) 



The middle frog will be in the centre of the track, at a dis- 
tance k' from A* and B", determined by the following formula: 

k''=H{g-28)-t-sm.H{^^¥'+S). (15) 

Case 2. When the degrees, D'a and D"6, of the tv/mrwd 
curves and the main-track frog-angles are different. 

Cot. % Xazra'-i-r.cos. % F'-tan. % ¥\ (16) 
%X''b=]4(¥'^2^)-%X"a, (17) 

A;''.=2.r.cos. J^ (F'-X'tt). ) ,.«. 
k\=2.r,Q0Q. % (F''-X''J). f '^ ^ 

Cos. F''= 



cos g g <g^-^> • ^Q^- Q • ^<'+^> -^ (y-2g)] 

a. 6 

„ ^j 2.(y-2g).co8. S.(6in. ^ D^^o-fsin. ^ D^^6 ) ^(iy-2g)« 

COB. A o^ ^-- "T" , 

100 ' a.b 



(19) 



To obtain the position of the middle frog, one of the turn-out 
curves must first be laid off, and the distance k' ^ or k"-^ mea- 
sured on that curve. As a rule the fii*st step will be to deter- 
mine the middle frog-angle by (19), and then the angle J^ Xa 
or 3^ X6 by (16). If the radius 6" is given, determine X'J by 
substituting V* for a". 

3. Sidings (figure 50). — In this case, the turn-out curve from 
the frog-tangent at F is produced until parallel to the main 
track, and, as the tangents at A and B are parallel, A'= B'= 
90% and 1=0. If the distance between the centres of the sid- 
ing and main track bo represented by c, *=(AB)— (c— ^), and 
the forraula) will be the same with those for turn-outs, except 
that S is equal to zero. The siding will be on the uiside of the 
main track, as in figure 50)^, or on the outside, as in figures 
50 J^ and 50j^. 
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When on the inside, the mahi-track rail, AFi, will be convex, 
and the turn-out rail, BFi, concave. When the siding is on the 
outside of the raain track, AFa or AFs will be concave to AH, 
^nd BFa will be concave and BF3 convex. 

The frog-number, ?i, or the angle, F; the radius, a, or the 
degree, Da, of tlie main-track rail, AF ; and the distance, i = 
(c—g), l)etween the intersecting rails, are given, and it is re- 
quired to determine the radius, r, of the circle AFB ; the per- 
pendicular distance, 0, to its centre, 0, from the middle of 
(AB); the deflections, Xa and X6, over the curves AF and 
FB; the chords, or frog-distances, k^=(AW)j a.nd k^= (WLW% 
and the radius, b, of the turn-out curve. 

o = H (c~^). cot. M F = (c-^r) . n. (20) 

r = 3^ (c-g) -T- sin. J^ F = ^ cos. 3^ F. (21) 

Case 1. When a is infinite, cmd the main track, therefore^ 
straight. 

To distinguish from the quantities for a curved track, let 
the frog-distances be represented by (AFs) and (BFs), and 
the degree and radius of the turn-out curve by \ and D«. 

Xa = 0, X6 = F. (22) 

\ = {ATs)^2.o. A^ = (BF5)=2.r. (23) 

ft. = r -^ sin. 1^ F = {c—g) -j- vers. F. j 

Sin. % Ds=50 . sin. J^ F ^- r = 100. vers. F -1- 2 . {c-g). \ ^^^ 

Case 2. When the main track is curved. 

The siding will be on the inside when the main track is 
convex to (AB), and on the outside when it is concave. 

Wlien a double sign is prefixed to any term in the equations 
below, use the upper sign when the turn-out is to the inside, 
and the lower sign when it is to the outside. 

Cot. % Xa=[a ± i< (c-^)] ^o=[a±% (c-^)] + (c-^).n. (25) 

KX6 = i^F±i^Xa. (2G) 

k^ = (AF) = 2 . a . sin. % Xa = 2 . r . cos. 3^X6 = 

(BF,s) . cos. y, X^*. 
A-b = (BF) = 2.&.sin. % XZ» = 2 . r . cos. J^ Xa = 

(BFs) . COS. J^ Xa. 
6 = r . COS. % Xa -^- sin. I2 Xh = a . sin. Xa + sin. Xb. (28) 



(27) 



In (25), a ± )i (c—g) is the radius of a cun'o through the 
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middle of (AB). In (26), when the siding is on the inside, 
and Xa is greater than F, the turn-out curve is convex to AB, 
as in figure 50. 

4. Crossings from one track to another (figure 70) are made 
between turn-out curves from switches on the two tracks, to 
which the curve of the crossing is intermediate, and with one 
of which it is reversed. If the crossing is straight, it is a 
tangent between the turn-out cuiwes. Let Fa bo the greater, 
and F& the lesser, of the frog-angles, and let B be a point on 
the inner rail of the crossing, at a distance from F&, measured 
at right angles to the frog-tangent, equal to the gauge, g, of 
the track. Let A be a point on the main track opposite F6, 
such that a iradial line through A will pass through B. The 
curves, AFa and BFa, intersect at Fa ; the angle A', between 
the tangent at A and AB, is 90"* ; the angle B', between the 
tangent at B and AB, is equal to 90°— F&; the chord, or 
frog-distance, (AFa), is the distance between the frogs, 
measured on the parallel tracks ; and if c is the distance be- 
tween the centres of those tracks, the distance (AB) = i is 
equal to c—g . (1+cos. F&), which may, without appreciable 
error, be assumed equal to (c— 2.^). 

The curves and angles are, therefore, in all respects the 
same with the curves of a turn-out to the inside from a switch, 
with a switch-angle S = F&, and with the distance (AB) = 
(g—s)={c—2.g), and the formula? for crossings may therefore 
be obtained from the formulae for turn-outs by substituting 
F& for S, and (c—2.g) for (g-s). 

Case 1. Wheji a is infinite and the parallel tracks straight, 

Xa=0. X&=(Fa-F&). (29) 

k^ = (AFa) = (c-2 . g) . cot. i^ (Fa + F5) = 2 . o. } .gQ 
k^ = (BF&) = (c-2 . g) -^ sin. i^ (Fa + F6) = 2 . r. ) ^ 
h = (c-2 . 5')h-(cos. F&-C0S. Fa). (31) 

When the frog-angles are equal, X& = 0, h is infinite, and 
the crossing straight, the frog-distance being as follows : 
k^ = (AFa) = (c-2 . g) . cot. Fa. (32). 

Case 2. WJien the parallel tracks are curved. 

Cot. 1^ Xa = a ± 1^ (c-2 .g)-i-o. (33) 
%Xb = %(¥a^Yh) + %Xa, (34) 
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r . COS. }^ Xa a-h}4(c—2.g) ^ 

~ siu. ig ^^ ~~ ^' (^^s. F6— COS. Fa ) ^, >• (35) 

A:^ = (AFa) = 2 . a . sin. 3^ Xa = 2 . r . cos. (F6 4- 3^X6) ) .Qg. 
A^ = (BFa) = 2.r.cos. i^Xa = 2.6.sin. >^Xft. ) ^ ^ 

5. Approximnfe Fowiulce for Turn-outSf Sidings, and Cross- 
ings. — All problems relating to turn-outs, sidings, and cross- 
ings may be solved, without appreciable error, by approximate 
formula} based on the following propositions: 

Tlie rate of curvature of a circular arc is constant, and equal 
to the tangential deflection over the arc, divided by its length. 
Tlie degree of curvature is the deflection over au arc of wliich 
tlie chord is 100 feet, and as, in such case, for all curves used 
in railroad alignments, the arc may be assumed equal to the 
chord, the rate of curvature, or the curvature in one foot, is 
equal to the degree of curvature divided by 100, and the to- 
tal curvature to the rate of curvature multiplied by the length 
of the arc. 

If, therefore, Da, Xa, and la is the degree, curvature, and 
length of one arc, and D&, Xi, and 16 of another arc, 



Xa = Da . la -f- 100. X&=D&.I6-j-100. 
Xa + X6 = (Da.Ia+D6 . 12*) -t- 100 






Assuming, for arcs not exceeding one or two hundred feet in 
lengtli, tliat the arc is equal to tiie chord, and that the arcs in 
(a) are of ecjual length, if h is the common chord length of tho 
two arcs, 

Da+D&=100.(XaH-XJ)-i-^. (37) 

For small angles it may also be assumed that the angles 
vary in direct proportion to their sines, and, therefore, the sine 
of the half-angle, in terms of the angle, may bo expressed by 
the following equation : 

Sin. i|I=T-f-(114.4+.04.1). (38) 

The degree of approxinuition to the exact values will be seen 

by the following examples: 

Sin. (t<10 =^5 )=10^(114.4-h.4)=.0871. Correct value. .0871. 
Sin. (3,ii?0'= 10 ) = 20 + (114.4-1- .8) =.1730. C<»rrect value, 
.1730. 
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Sin. Q4S0°= 15°) = 30-5-(114.4+1.20)=.2595. Correct value, 
.2588. 

It has been shown, in proposition XIV., that every pair of 
curves from the same tangents, at A and B, and intersecting 
at the same angle, F, will cross on the circumference of the 
same circle AFB, of which 3^*-f-sin. J^ (F + I) is the radius, 
and it may be shown, for small values of *, and for the classes 
of curves under consideration, that the chords are nearly equal 
to each other and to the arcs which they subtend. The maxi- 
mum value for any chord is the diameter, 2 . r, of the circle 
AFB, from which the minimum value may differ, in extreme 
cases, a half of a foot, corresponding to a deflection, on a ten- 
degree curve, of three minutes. 

It may, therefore, be assumed, without appreciable error, for 
each pair of curves from the same tangent-points at A and B, 
and intersecting at the same angle, F, that the chords, (AF) 
and (BF), when AF is a curve, are equal to each other and to 
the chords, (AFs) and (BFs), for a straight main track, with 
radius, a, equal to infinity. 

If, therefore, F and I are the deflections between the pairs of 
tangents crossing at F and I; i = (AB), the distance from A 
to B; Xa and Xb the tangential deflections over the arcs AF 
and BF, and (RF)=Jc the frog-distance from B or A, 

Problem VI. (1). Xa+X6=(F-I). (c) 

Proposition XIV. (4). (UFs)=k=i, sin. 3^(F-}-I). (d) 

Substituting in (d) the value of sin. 3^ (F + 1), from (38), and 
in (37) the value of (Xa+X&) from (c), and of k from (39), 

(BFs) = k = i. [114.4-^(14- F)-+-.04]=K 114.4-f-(I + F)+ (39) 
(D&+Da)=.874.(F-^-P)--fel00x(F-I)H-A;. (40) 

As, for the same values of F and I, the algebraic sum, Da-h 
Dby will be constant for all pairs of curves, it will be equal to 
the degree, Ds, of the turn-out curve wlien the main track is 
straiglit, and Da is, therefore, equal to zero, and may be deter- 
mined as follows : 

Proposition XV. (5). Sin. 3^Ds=50 . (cos. I— cos. F)-f-*. 

On a standard gauge of 4.71, for example, with *=(^— «)= 
4.29, the switch-angle, S = I = 1" 00', and F = 8" 10^ the de- 
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gree, D5, of the turn-o\it curve, when Do=0, is IS*' 22' by the 
exact formula, and 13° 23' by the approximate formula. 

It should be stated that the sum (Da-^Db) is algebraic, and 
the signs are to be determined by the rules of problem XVIII., 
table IX., to which reference is made for application of the 
formula) to turn-outs, sidings, and crossings. 

These formula) may be applied, by making F=0, to com- 
pound and reversed curves, when the lengths of the arcs are 
nearly equal, as exemplified in problem XXII., example 6. 



PROPOSITION XVI. 
(Demonstration of problems XIX. to XXVII.) 

In all of these problems A and B are tangent-points on two 
curves ; (AB)=* is the distance from A to B ; the tangents 
through A and B intersect at a point I ; A' and B' are the 
greater and lesser acute angles between those tangents and tlie 
line AO; a and b are the radii of the curves, and / the inter- 
mediate common tangent ; la and lb are the tangential deflec- 
tions over the two arcs, and l—la-\-lb= {A' ±B'), or 180*'— 
(A'±B'), is the angle of intersection of the tangents intersect- 
ing at 1, determined by the rules of problem V. ; C and Z are 
the centres of the curves, and (CZ)=c is the distance from 
C to Z. 

2. (Figures 93 and 94.) The formula) are obtained by the 
melliod of latitudes !ind departures explained in problem XI. 
The origin of co-ordinates, C, is assumed to be at the centre of 
one of the curves (best at the centre of the curve of longer 
radius). 

In this proposition it is assumed to be the centre of the curve 
through A, corresponding to the greater of the two angles, 
A' and B'. 

The line (CZ)=c is the closing line to the three lines (CA)=4 
o, (AB) = t, and (BZ)=6, observing that the direction CA 
is fro7n t he centre to A, and the direction BZ from B to tho 
oentro Z. 
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The CO ordinate axis, CN, which will be designated as north, 
is from C towards, and at right angles to, AB, so that the 
bearing CN.AB is equal to 90°. Looking from C towards 
AB, the right will be positive, for bearings and departures, 
when B is to the right of A, and the left when B is to the left. 
In figure 93, B is to the right of A ; and if CN were north, 
east bearings would be positive, and left bearings negative. 

3. Bearings o/(CA), (AB), amd (BZ).— The curve through 
A or B is convex or concave to AB when, if extended to- 
wards the opposite tangent-point B or A, the convexity or con- 
cavity is towards AB. 

In figure 93, both curves are concave ; in figure 94, the curve 
through A is convex, and the curve through B concave. In 
figure 86, both curves are concave, because, although the arc 
BT is convex when extended away from A, it would be con- 
cave when extended towards A. 

Tlie bearings of the radii will he positive when the curves 
are conveXy and negative when they are concave. 

In figure 93, for instance, GN is north, and east bearings 
positive; CN.CA is northwest, and CN.BZ southwest, both 
curves being concave. In figure 94, the curve through A is 
convex, and the, curve through B concave; CA bears north- 
east, and BZ northwest. The bearing CN.AB is, by suppo- 
sition, always 4- 90°. 

As CN and CA are perpendicular to AB and AI, the 
bearing CN.CA will be equal to the angle A' between AB 
and AI, or to 180° —A'. 

For similar reasons the bearing of BZ is equal to B' or to 
180° -B', 

As C is the origin of co-ordinates, the bearing CN.CA will 
be always north and equal to the acute angle A'. The bearing 
CN.BZ will also be to the north and equal to B' when the 
centres are on different sides of AB, but when on the same 
side, as in figure 93, the bearing will be to the south and equal 
to 180° -B'. 

The bearing of either radius will, therefore, be positive or 
negative, as the curve may be couA^ex or concave to AB ; the 
bearing of BZ will be obtuse or acute, as the centres may be on 
the same or different sides of AB, and the bearing of CA will 
be always acute, or less than 90°. 

In the application of these rules, when the origin, C, is at 
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the centre of the curve through B, substitute A for B, and B 
for A. 

From these considerations, the bearings CN.CArrA, and 
CN.BZ=B, in terms of the acute angles, A' and B', will be as 
follows : 

A=CN.CA=A' is always acute. (1) 

B=CN.BZ= B' for centres on different sides of AB« ) ^n) 



K a 



=(180°-B') ** " the same side 



Either bearing will be plus when the curve is convex to AB. 
** ** ** minus ** ** concave " 

Observe that when B is negative and equal to — (180°— B')= 
-180° + B', it is not equal to +180°-B'. Thus, for instance, 
if CN is north and B' equal to 20% CN.BZ=: -(180°-B')= 
-180° -f- B'= -160° is N. 160° W. or S. 20° W., while +180° 
-B'= +160° is N. 160° E. or S. 20° E. 

4. Pi'oblem XXIV, — In this problem, a, 5, *, A', and B' are 
given, and also whether the curves are convex or concave, and 
whether the centres are on the same or different sides o€ AB, 
and it is required to determine the bearing CN.CZ=C, and the 
length, (CZ)=c, of the line from C to Z, and also the radial de- 
flections, CA.cz and CZ.BZ, from CA to CZ and from CZ 
toBZ. 

Considering (CZ) as the closing line to (CA), (AB), and 
(BZ), determine the bearings A and B by (1) and (2), noting 
carefully the signs as well as the magnitudes. 

Prom the bearings and lengths of a, % and &, tho bearing, 
C, and length, c, of the closing line, (CZ), may be dctcmiincd 
by (2), problem XL 

The deflection from any one of the three directions, CA, CZ, 
and BZ, to another is then calculated as the algebraic diffe- 
rence of their beaiings from CN, according to the rules of 
problem ILL and proposition V. 

Representing by 2d and 21 tlio departure and latitude of 
the closing line fCZ), 

2d= +i±a, sin. A' ± b. sin. W, (8) 

2/ = +a . cos. A'±b, cos. B'. (4) 

Tan. C=2d^2l, (5) 

c=2d-irsin. C=-2i-*-cos. C. (^ 
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t 

C and c may also be calculated as follows: 

c«= {:Sdf+(:Sl)\ (7) 

Sin. Vj='Sd^c. Cos. C=:SZ-5-c. (8) 

CA.CZ=CN.CZ-.CN.CA=C-A. (9) 

CZ.BZ=CN.BZ~CN.CZ=B-C. (10) 

CA.BZ=R=CN.BZ-CN.CA=B-A. (11) 

In (3), the departure, a. sin. A' or h. sin. B', is plus when 
the curve through A or B is convex, and minus when it is con- 
cave. 

In (4), the latitude, &.cos. B', is plus when the centres are on 
different sides of AB, and minus when they are on the same 
side. 

The signs of ^d and ^l are to be carefully noted. 

In (5) and (8), C will have the same sign with '2d, and if C 
is the acute angle con-esponding to the numerical value of the 
tangent, sine, or cosine, C is equal to C when 21 is positive, 
and to 180°— C when 21 is negative. 

In (9), (10), and (11), the differences are algebraic, and the 
signs of A, B, and C are to be noted, as well as their magni- 
tudes. 

If the calculated value of any bearing exceeds 180°, sub- 
tract from 360° and change the sign, according to the rules of 
problem II. 

These deflections are radial, or from one radial direction to 
another, and not necessarily equal to the tangential deflections 
over the arcs between the extremities of the radii, as explained 
in the succeeding article. 

5. Problem XXV. — In this problem, the data are the same 
as in problem XXIV., but the curves are supposed to be 
connected by one or more pairs of tangents, of which the 
lengths and positions are to be determined. The relations 
between the lengths of these tangents and the distance, c, from 
C to Z, are determined in the followitig manner: 

(Figures 90, 91, and 92.) C and Z are the centres of the 
curves; t is the length, and Ta and T6 the extremities, of the 
common tangent to the two curves; T=CZ.CTa is the deflec- 
tion from CZ to the radial direction CTa. The curves are 
reversed when, as in figure 90, the centres are on different 
sides of TaT6, and compound when, as in figures 91 and 93, 
thej are on the same side. 



(4) 1= \ 



(13) 
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Assuminc: the axis CN to coincide with the radins CTa, 
CN.CTa = ; CN . TaTb=+W ; CN . T&Z = for reversed 
curves, and 180" for compound curves. Considering (CZ)=c 
as the closing line to (CTa) = a, (TaT&)=/, and (T6Z)=5, 
the departure, d; the latitude, I; the lengtii, c, and the 
bearing, T, may be calculated by the formulae of the preceding 
article as follows: 

(Z) d = t . sin. W ±a. sin. ± & . sin. 0= /. (12) 

t . COS. 90"" + a . COS. + 6 . cos, = (a+&) for 

reversed curves. 
t . COS. 90" +a . COS. 0—b . cos. 180''=^(a— ft) for 
compound cui*ves. 

(5) Tan. T = d-^l = t -r-{a + b). (14) 

(6) c = t-^ sin. T = (a ± &) -J- cos. T. (15) 

T and c may also be determined as follows: 

(7) c'=t'+{a±by. (16) 

(8) Sin.T=t-hc. Cos,T=(a±b)-i-e. (17) 

Substituting in (15) and (17) the value of e from (6), 

Cos. T={a±b) . sin. C-i-2d={a±b) . cos. C^2l. (18) 
t=2d . sin. IV sin. C=2l . sin. Tt-cos. C. (19) 

In (13), substitute for (a±b), (a—b) when the curves are 
compound, and (a+b) when they are reversed. 

In (14), T is acute and equal to T' for reversed curves, and 
also for compound curves when a is greater than b, and (a—b) 
is therefore i)Ositive; but when the curves are compound, and 
b is greater than a, {a—b) is negative, and T is equal to 180"— 
T', and obtuse. 

For this reason, when dealing with compound curves, take 
the origin, C, at tlie centre of tlie curve with the longer radius, 
in order to avoid the use of obtuse angles. 

As (VX)=c is the hypothenuse of a right-angled triangle, it 
is evident that, in figures 90, 91, or 92, a similar triangle may 
be constructed on the opposite side of (CZ), and, therefore, the 
following conclusions may be deduced from (he consideration 
of th(; two eqmil triangles, and from the ecjuation, «• = /* + 
(a±?j)K 

When C is less than (a—b), as in figure 95, tlie circles aro 
one within the other, and a connnon tangent is uot possible. 
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When c is equal to (a— &), as in figure 96, ^=0, and the 
curves touch internally at a point of compound curvature. 

When c is less than (a+&), and greater than (a—h), as in fig- 
ure 97, the curves intersect, and there will be one pair of equal 
tangents, to which the curves will be compound. 

When c={a-\-h), as in figure 98, <=0; the curves will touch 
externally at a point of reversed curvature, and there will also 
be a pair of tangents, to which the curves will be compound. 

When c is greater than (a-|-&), as in figure 97, there will be 
two pairs of equal tangents, to one of which the curves will be 
reversed and compound to the other. 

Let Ta and T'a, and T& and T'J, figure 101, be the extremi- 
ties of tlie pair of equal tangents at intersection with the radii 
from C and Z. The two radii, CTa and CT'a, will bo on 
opposite sides of CZ, and CZ . CTa = CZ . CT'a = T. As 
CN . CZ = C is the bearing of CZ, CN . CTa = (C-T), and 
CN.CT'a«=:(C + T), are the bearings of CTa and CT'a. 

When (C±T) is a term of any of the following formulae, it is 
to be understood that (C— T) is the bearing of one of these 
radii, and (C + T) of the other. 

If, then, the bearings, CN . CA = A, CN . BZ = B, and 
CN . CZ = C, be determined by the formulte of the preceding 
article, and T and t by (18; and (19), the tangential deflection 
la will be equal to the algebraic difference of the beai'ings of 
CTa and CA, and Ih to the algebraic difference of the bearings 
of T6Z and BZ. 

The formula? will be as follows : 

{^) :Sd= +i±a. sin. A' ± & . sin. B'. 

(4) ^/ = + a . COS. A' ±h . cos. B'. 

(5) Tan. Q=:Sd-^ '21. 

(18) Cos. T = (a ± &) . sin. C^2d = (a±h). cos. C -^ 21. 

(19) t = 2d.^m. T--sin. C=-SZ.sm. T-v-cos. C=(a±&).tan. T. 

Prop. IV. CN . CTa = CN . CZ ± CZ . CTa = (C ± T). (20) 

Qx QT^ Q^ =: i "^ •^' ^^^^ t^® curve through A is convex. 

\ -A' " ** ** " concave. 

r B' when the centres are on the same side 

(2) B=CN.BZ= ^ 180° -B' when the centres are on different 

sides of AS. 
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B is i PO'^iti'^® when the curve through B is conrex. 
( negative " " ** ** concave. 

By proposition X. , the tangential deflection over an arc from 
the extremity of one radius to the extremity of another is the 
same in sign and magnitude with the deflection from the 
initial to the terminal radial direction, when both directions 
are estimated either from centre to tangent or from tangent 
to centre. 

The tangential deflection la, from A to Ta, is therefore 
equal to C A . CTa, and the tangential deflection I&, from T6 
toB, toT6Z.BZ. 

Proposition V. CA.CTa=CN.CTa-CN.CA=(C±T)-A. 

T&Z.BZ=CN.BZ-CN.T&Z=B-CN.T6Z. 

As CTa and T62; are the same direction when the curves are 
reversed, as in figure 90, and opposite directions when, as in 
figures 91 and 92, they are compound, CN.T&Z is equal to 
CN.CA when the curves are reversed, and to CN.CA + 180*' 
when they are compound, and as la and \b are equal to 
CA.CTaandT&Z.BZ, 

Ia=(C±T)-A. (21). 

j7_ j B— (C±T) when the curves are reversed. ) ^go^ 

~ IB-(C±T)+180° " " " compound.)^ ^ 

If the calculated value of la or \h is greater than 180*, sub- 
tract from 300" and change the sign. In 22, give to 180'' a 
sign opposite to that of the difference B— (C±T), so that the 
value of V) may be less than 180°. This is, however, only for 
convenience, as a plus or minus sign may bo used at pleasure 

for \m\ 

In (31) and (22), (C— T) will give one value of la or 15, and 
(C + T) the other, the difference in the two values being, there- 
fore, equal to 2 T. 

The algebraic sum, Ia+I&, should bo equal to the angle of 
intersection, determined by the rules of problem V. 

6. Prohle^n XXVI.—ln problem XXV., the nulii, a and 5, of 
the two curves wore given, to determine the length of the com- 
mon tangent. In this problem, t and one of the radii are 
^vcn, to determine the other radius. 

For this ])urposo assume, as in problem XXV., an axis, €N^ 
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at right angles to AB^ and determine the formulsB for 2d, 21, 
and c as follows: 

(3) 2d=i±a . sin. A ±5 . sin. B. 

(4) 2l=a . cos. A±b . cos. B. 

(7) and (16) c^=(2df + {2iy=i'-[-(a±hY. (1) 

The signs of the terms of these equations may be determined 
by the rules given in article 4, but, for the solution of the gene- 
ral problem, they are assumed to be plus, and changed in the 
application to particular cases. 

In (1), squaring both members of the equation ; substituting 
{a^+ ¥) for aK (sin.^ A + cos.^ A) -h ^»^ (sin.^ B+ cos.^ B); can- 
celling (a^-{-¥) in each member; transposing t^ to the first 
member, and dividing by 2i, the following equation is ob- 
tained : 



\ 2i ) 



fi'i — P\ d J 

+ a . sin. A + b , sin. B + -4- (cos. A . cos. B + 

^ 

sin. A . sin. B) = — V-* (2) 



Prop. XII. (2). Cos. A , cos. B + sin. A . sin. B=cos. (A— B)= 

cos. R. 

Substituting this value of (cos. A . cos. B + sin. A . sin. B) 
in (2), 

^-7^^-^+ a. sm. A-ho. sm. Bh — ^.cos. R = — ^' (3) 

The term a.h, in the second member of this equation, is ob- 
tained by squaring (a±b) in (1), and, as the arithmetic vahie of 
this term is (» + J) for reversed curves, and (a—b) for compound 
curves, tlie sign prefixed to a . 6 -5- ^, in the second member of 
the equation, will be plus when the curves are reversed, and 
minus when they are compound. The term a. J. cos. R-r-i, 
in the first member, is derived from the squares of 2d and 21, 
and the sign will depend upon whether R is acute or obtuse. 

Transposing this term, the second member will be : 

+a. b. (1— COS. R) -T- i= +a.b. vers. R when the curves ' 

are reversed. 
— a.& . (1+cos. R)-r-i= -a. b. vers. (180°-R) when the f (^) 

curves are compound. 
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The terms A and B in these equations are the bearings, 
CN.CA and CX.BZ, of the radii (CA) and (BZ), and, by 
proposition V., 

BZ.CA=CN.CA-CN.BZ=(A-B)=R. 

If I=Ia+B=(A'±B'), or 180°-(A'±B'), is the angle of in- 
tersection of the tangents through A and B, 

Pron X (4) I— \^ when the curves are reversed. 

( 180"— R when the curves are compound. 

Substituting these values of B. and 180°— R in (4) and (3), 
(^•2_ i'2^^2i + a , sin. A + & . sin. B= ±a .b , vers. I-i-i. (5) 

~(— sin. A)±b, vci-s. 1-i-i ~(— sin. B)± a . vei^s. 1-i-i 

In (6a), the sign to be prefixed to }^ (i^—t^)-t-i will be plus, 
unless t is greater than i, in which case the term will be nega- 
tive. 

b. sin. B is the departure of the radius, (BZ), and is positive 
when the curve through B is convex, and negative when it is 
concave. 

In the denominator, (—sin. A) was obtained by the transpo- 
sition of the departure, a. sin. A, from the first to the second 
member of (5), and, as the sign was thereby changed, the term 
is i)ositive wlien the curve through A is concave, and negative 
when it is convex. 

For t he reasons above stated, the second term of the deno- 
minator will bo plus for reversed, and minus for compound, 
curves. 

The signs in (Gb) are determined in the same manner. 

If H (<•'— 0-^* + ^ 'Siii- A-\-b . sin. B had been transposed 
to the second mem])cr of (55), and a.b-i-i to tlie first, the result 
woukl liave been tlie same, except that the signs of ALL the 
terms wouhl liave been dilferent. If, then, for any particular 
form of curves, the ecjuation has been determined by the rules 
al)ovo, tlie solutitm will not be iK)ssible for any radius which, 
substituted in the second member, will give different signs to 
the numerator and denominator. 

Formuhe (2), problem XXVI., is derived from (1), and the 
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signs of the corresponding terms in the two equations are 
determined by the same rules. 

7. Problem XX. (figures 71 and 73).— Formula (6b) of the 
last article may be placed under the following form : 

Problem XXVI. (3). b = {o ±a) , n-i-(p ± a). 

In this equation, 0=:J^(t^— ^*)-7-«.sin. A. n=i. sin. A-^vers. I. 
p=i. sin. B-j-vers. I. 

If and a have the same magnitudes and different signs, 
the numerator, (o— a), and the radius, b, reduce to zero; the 
circle through B reduces to a point, which is at the extremity, 
B, of the tangent (TB)=^, and (CB)=c is the line from one 
centre to the other. 

The conditions making b equal to zero are independent of 
the value of the angle B, and as (a = o), (b = zero), and t are 
known, the tangential deflection, la, from A to T&, may be 
determined by the formulae, for problem XXV., given in 
article 5 of this proposition, as follows : 

(3) 2d = +i ± a . sin. A' ± b . sin. B' = * ± a. sin. A'. 

(4) 21= +a.cos. A' ± ft. cos. B' = a. cos. A'. 

(5) Tan. G = 2d^ 21. 
(14) Tan. T = ^ ^ a. 



/1\ A — J '^^' ^^®^ ^^^® curve through A is convex ) 
^ ^ ~ ( -A' ** ** " ** concave ) 

(21) la = (C ± T)- A. 
(21) lb = B-(C ± T) = 0, and therefore B=(C ± T). 



to AB. 



The formulas for la, in problem XX., require somewhat less 
calculation than the above, and are derived from the triangle 
ABT&, in which ABT6=B; TJAB=:A±i^ la; AT6B = J^ la; 
(AB)=*, and {UTb)z=t. 

When a is given, to determine t, o = a = }4 (**^— ^^)-^**.sin. A, 
and therefore t= ^i.(i±2a . sin. A'). 

8. Problem XIX. (figures 73 to 76).— If, in equation (2b) of 
the last article, p and a have equal magnitudes and different 
signs, the denominator will be zero, b will be iniinite, and the 
curve through B will coincide with the tangent BI. 

In this case the curve through A, with radius jf?, will touch 
the tangent BI at a point represented in the figures by T5, 
and, as the conditions making b equal to zero are independent 
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of the value of ^, it may be assumed equal to the distance 
(TJB) from Tb to B. 

As the extremity of this tangent is at the point B, the corre- 
sponding vahie of b must be zero, and a must therefore be 
equal to o in order that the numerator may be zero; but a is 
also equal to p, and therefore the value of t may be obtained 
by equating o and p^ in tlie following manner : 
=p = ^ {i'^—P) -7- i . sin. A' = * . sin. B -i- vers. I. 

._ i^ . (vers. 1—2 . sin. A . sin. B) , . . , ., . / v 

p = ^ = when I IS less than t. (a) 

vers. 1 

.„ *2 . (vers. I -r 2 .sin. A .sin. B) , . . . ., . ,, x 

P = ^ ^ when t IS greater than t, (b) 

vers. I 

It may be proven that t is less than i when, as in figure 71 
or 76, I is equal to (A'+B') or to 180°-(A'-B'), and greater 
than i when, as in figure 74 or 75, I is equal to (A'— B') or to 

180°-(A'4-BO. 

The value of t is, therefore, to be obtained from (a) when 1= 
(A' + BO or 180°-(A'- B'), and from (b) when I = (A'- B') or 

180°-(A'4- B'). 

Vers. [I = (A'+ B')] = 1 - cos. (A' + B') = 1-cos. A . cos. B + 

sin. A . sin. B. 
Vers. I — 2 . sin. A .sin. B = 1— cos. A . cos. B— sin. A . sin. B 

=l-cos. (A'-B') = vers. (A'-B'). 

By similar reasoning it may be shown that — 

Vers. [I=(A' + B';]-2 . sin. A . sin. B=vers. (A'-B'). 

Vers. [I = 180^- (A - B)] - 2 . sin. A . sin. B = vers. [180"- 

(A' + B')]. 
Vers. [l=(A'-B')]+2 . sin. A . sin. B=vers. (A'+ B'). 
Vers. [I = 180'- (A' + B')] +3 . sin. A . sin. B = vers. [ISO**- 

(A'- B')]. 

Substituting these values in (a) and (b). 
When I - (A'+B') i^- ^-^ • v"-^- (A' - B') t"'- sin.'KCA'-BQ 

Whonl-(A-B) fi-'-- '-'''■J^'-+ Il'}-i!:i'i":'_^JA^|.?Jl 
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When 1=180° j .,_ i«.vers. [lSO''-(A'--B')] _ i^. cos.«^(A^-BO 
-(A'+B'),J vers.[180°-(A'-fB')] ~ cus.'^3^(A'+B') 

When 1=180° ) t^.vers. [180°-(A^+BO] i\ cos.^ mA' +B') 
-(A-B), P ■" vers. [180°-(A'-B')] ~ cos.^J^CA'-B') 

When, therefore, b is infinite, the distance, ^, from B to the 
point, Tby of contact with the curve through A, on the tangent 
BI, will be as follows : 

WhenI-rA'4-B'^ t ''•'^"- ^ ^^ -^^> >'-(^^"' ^ ~^^"- ^'^ 
wneni_(A+B),?_ ^^ i^(A' + B') " vers. I 



When I=(A'-BO, ^= " "" ^ i^^^ ^ "^^"- ^"7 ^^^ 
^ -" sm. 3^ (A — B ) vers. I 



(1) 



When 1=180°- | ^. cos. 3^(A^-B0 ^.(cos. B^+cos. A') 
(A' + B'), ) ~ cos. 1-^ (A' + B') ~ vers. 1 

When I=180°- } . _ i. cos. i^(A^4-B^) _ ^.(cos.B^+cos. AQ 
(A'-B'), ) COS. i^(A'-B') - vers. I 

When a is infinite, the distance, (ATa)=^, from A to the 
point, Ta, at which the curve through B touches the tangent 
AI, will be the same as the distance (BTJ) = t when b is in- 
finite, the two tangents being equal, as in all other cases of 
problems XXV. and XXVI. 

9. Problem XXIII. — In this problem it is required to find 
equal radii for a given value of t in the case of reversed carves. 

To obtain the formula for any particular figure, determine 
the equation between a and b by the rules of problem XXVI. 
If, then, a is made equal to &, a quadratic equation will result, 
from which the value of the equal radii may be deduced. In 
this manner the equations of table XI. have been determined. 

10. Problem XXVII. — In this problem, one of the radii, as 
a, is given, and also the tangential deflection, la, from A to the 
terminal point, Ta, of the curve, and it is required to deter- 
mine the other radius, b, the point, Tb, at which the curve 
will touch the tangent produced from T«, and the tangential 
deflection, 16, from T5 to B. I, equal to la + lb, is first to be 
determined by the rules of problem V., and from this equation, 
when one of the deflections, la or 16, is given, the other may 
be determined as shown in the table of problem XXVII. 
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(1) Art. (3). A 



(2) B — i ■^' ^^^ centre 
^ ^ - (180°-B' fo 



I of AB. 



The bearing, (C ± T), of the radius from C to the extremity, 
Ta, of the tangent, (TaT6)=^, is then to be determined in the 
following manner: 

+ A' when the curve through A is convex 
to AB. 

—A' when the curve through A is con- 
cave to AB, 

res on different sides 
for centres on the same side 
B is positive when the curve through B is convex to AB. 
" negative ** " " concave ** 

(21) (C±T)=Ia + A. 

(22) (C ± T) = B — 16 when the curves are reversed ;=B — 16+ 

180° when they are compound. 

la, lb, and (C ± T) being thus determined, the equations 
for t, and a or &, may be obtained in the following manner : 

In any figure, as, for instance, 101, assume the radius CJTa 
as the co-ordinate axis, and C as the origin, and determine 
the bearings, departures, and latitudes of the lines, (CA)=a ; 
(AB)=*; (BZ)=J; {XTh)=b; {TbTa)=t ; and (TaCO=a. 

Since la is the deflection from the axis CTa to CA, the 
bearing of CA is la degrees to the left, or —la, and the bearing 
of any other line is equal to the algebraic sum of the deflection 
io that line from the preceding line and the bearing of that line. 

CT«.CA=-Ia; CTa.AB=-Ia + aO*'-A'=+90"-(Ia-A) 
= + 90°-(C±T); CTa.BZ = -IJ; CTa . ZT6 = - 180** ; 
CTa . TbTa = - 180° + 90°= -90° ; CTa . TaC = 180". With 
these bearings, the distances, departures, and latitudes will 
be as follows : 



Distances. 


Bearings. 


Departures. 


Latitudes. 


(C A) = a 


-la 


—a . sin. la 


-fa. COS. la 


(AB) = i 


+ 9o«-(C±T) 


+ /.COS. (C±T) 


+/ . rin. (C ± T) 


(BZ) = 6 


-U 


—b . sin. 16 


-\-b .COS. U 


(ZT/J) = 6 


i8o° 





-b 


(T/;Trt) = / 


-goO 


-t 





(TrtC) = a 


i8oO 





— « 
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As these lines form a closed polygon, the algebraic sums of the 
departures and latitudes must be equal to zero, and, therefore, 

2d= —a . sin. la + i.cos. (C ± T)— 6 . sin. Ib—t =0. 
.'./= + i . COS. (C ± T)— a . sin. la— ft.sin. 16. 
2l=-ha . COS. la + i . sin. (C ± T)4-2> . cos. lb—b~a = 0. 
.*, i.sin. (C±T)=a.(l— cos. Ia)+b . (1— cos. 16) = a. vers. Ia+ 
6. vers, lb. 

These are the same with the equations of the table in prob- 
lem XXVII. for figure 104. The equations may also^be ob- 
tained by construction of the figure in the following mahner : 

From A and B, figure 116J^, let fall the perpendiculars, 
APa and BP6,on the parallel tangents CTa and ZT6, and 
from B a perpendicular BR on APa. (BR) = ^'.sin. (C ±T) 
is the perpendicular distance from (BP&)=&.sin. la to (APa) 
=a.sin. la, and is equal to the difference (J. vers. IJ— a.vers. 
la), in accordance with formula (3), problem XXVII. 

(AR)=i.cos. (C±T) is parallel to (TaT6)=^, and t is equal 
to J. sin. lb— a . sin. la-l-(AR), in accordance with formula (4). 

11. Problem XVL, formula (13).— In problem XXVI., i 
and one of the radii are given, to determine the other radius. 
In problem XVI., the curves are produced to intersection at 
an angle F, and F and one of the radii are given, to deter- 
mine the other radius. 

The formula is obtained from the fornmla of problem XXVI. 
by making t equal to zero and substituting (vers. I— vers. F) 
for vers. I in the denominator. 

In figure 53, C and Z are the centres of the intersecting 
curves; a and b their radii; (TaTJ)=^ their common tangent, 
and F the deflection between the tangents intersecting at F. 

In the triangle CFZ the sides are: (CW)=b ; (FZ) = a; 
and (ZC)=c, and the angle CFZ at the vertex is equal to F. 

Assuming (CZ)=c as the closing line to (CF) and (FZ), 
with reference to CF as the axis, the bearings, distances, 
departures, and latitudes will be as follows : 



Distances. 


Bearings. 


Departures. 


Latitudes. 


(CF)=3 


CF.CF = 
CF.FZ=i8o*>-F 


3. sin. = 
-\-a . sin. F 


3 . COS. = -|- ^ 
—a . COS. F 
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2d = + a . sin. F. 2l = h , —a , cos. F. 
c2= (2d)'^ + {2t)^= a^+¥-2 .a.b,co8. F. 

As the curves intersect, they are compound with reference 
to their common tangent, and, by (16), article 5, 

Equating these two values of c, 

{a-by + P=a^ + h^-2 .a.b.cos. F. 
♦ . •. }4f^=a.b.{l —cos. F)=a . b . vers. F. 

Transferring from the first to the second member of (8), ar- 
ticle (6), the term J^ t^-i-i, 

IX'. • A . -L • T» iy^ a . b . vers. I 
j^t + a. sm. A + b . sm. B=J^-; : . 

Substituting in this equation the value of J^ t* above, 
%i+a, sin. A + 5 . sin. B= '— . (vers. I— vers. F). 

The formulsB for a and b, deduced from this equation, are in 
all respects the same with the formulae of problem XXVI. for 
compound curves with t equal to zero, except that (vers. I— 
vers. F) is substituted in the denominator for vers. I; the signs 
of the terms are determined by the same rules. 

The deflections, Xa and X&, over the crossing curves may be 
determined \)y methods analogous to those of problem XXV. 
for determining la and 16, but they may be determined with 
less calculation by the formulae of table III., jsroblem XVL 
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Gauge (r=4-7o8); 
Throw (j=o.4i7) 
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¥a = F, F^ = I 



14 



58 



^3+-^ 



43 



2.00 



16 



6.58 



753 



F«4-F^ 



+ •3 



6.16 



4-93 



2.88 



¥6)^k 
a^-Yb'^) .i3(Fa«-F<J2) 



Switches 



I=S 
Single 



<..j=(r-j)..> 
4.29 


F4-S^ 


4.02 


3.22 


1.88 



iooX(F-S)h-/& 
.204 (Fa-S«) 



I = 2S 

Double 



<..2 = (^— 2J)..> 

3.87 



443 



F''+2 S 
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2.90 



1.69 



ioo(F''-2S)-^-/fe 
.226 (F"a-4 S2) 



F''2=.902 (F«24-F^2)_^2.2o S« 



B 



Gauge (^^3.00) ; 
Throw if — 0.33) 



Fa = F, F3 = I 
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3 50 



ioQ(Fa2_F3a) 



Switches 



I = S 
Single 



<..i={^-s)..> 
2.67 


^^°^ 4- 2 
F4-S^ 
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2.00 
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Double 
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Multipliers .62 



3-50 



2.62 



2.95 



3-94 



2.95 



10" 



3-33 
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3-33 



II' 



3.61 



4.81 



3.61 



♦For Crossings, 
tWhen I is greS 
cro^ngs, and subtrac 



<n7} 

for double switches, and to the lesser frog-angle H3 foflf 
F, and S. v/^^ 
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TABLES. 



are the same, and the resulting formulaB from table IX. will be 

as follows : 





Standard Gauge. 


Narrow Gauge. 




/ = 


2.8 X» 


2X» 


(7) 


k- 


6.61 X n 


4X» 


(8) 


D^= 


610 -*- «2 ± Dd5 


g5o-4-«'±Da 


(9) 


«"= 


7 X » -^ 10 


7X«-t-io 


(10) 


k"= 


3.86 X n 


2.24 x» 


(") 



In these formulae, Ic is the distance from the toe of the 
switch, and n the number, of the main-track frog ; D6 is the 
degree of curvature of the switch and turn-out rails; Da the 
degree of the main track, plus when the turn-out is to the 
inside, and minus when it is to the outside ; n' the number, 
and h" the distance, of the middle frog for a double turn-out, 
in which case tlic numbers of the main-track frogs must be the 
same. The middle frog will be in the centre of the track. 

As before stated, the diagram in plate XIV., described in 
article 3, problem XVIII., will apply in the case under con- 
sideration by giving to I and S tlieir values from (4) and (5). 

A diagram may also bo constructed by making the throw, «, 
and the switch-angle, S, equal to zero, in the formulae of 
article 2; but in such a diagram the frog-distances will be 
estimated from the heel of the switch-rail and not from the 
too, and the length, /, of the switch-rail must be as given 
in (4) or (7). On such a diagram the nuiin-tnick and turn-out 
curves nn'ght b(» drawn, and the frog-circles (best drawn to 
corrospond to the frog-^iu rubers) would give the positions of 
the main-track and middle frogs, and also the degrees of tlie 
turn-out curves ('orrosponding to all curvatures of the main 
track; but in tho case of a double turn-out the numbers of the 
two frogs on the main-track rails must be the same. 
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THE ATTENTION 

OF 

ENGINEERS AND SURVEYORS 

IS CALLED TO 

NixoN^s Patent 

Gonrse-ReadiDg Attaclieiit 



TO 



SURVEYORS' AND ENGINEERS' 

TRANSITS. 



PATENTED FEBRUARY 19, 1884. 



This instrument docs away entirely with the calculation of 
courses, as it indicates the course of every line run by it and 
roads the same down to minutes. 

It is very simple, and yet the most important improvement 
ever made in the manufact,ure of the Transit. This attach- 
ment can be put on any manufacturer's instrument, and adds 
but little to the cost, and yet will save time enough every day 
to pay for itself. Arrangements made with instrument-mak- 
ers to riiaimfacture on a royalty ; also instruments for sale. 

Apply to the patentee, 

T. L. NIXON, 

Lock Box 75. NEW TACOMA, 

Washington Territory. 



